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Abstract
Anonymity-seeking individuals prefer cryptocurrencies for online payments, but due
to know-your-customer requirements on cryptocurrency exchanges, they resort to
peer-to-peer markets for purchasing cryptocurrencies. I develop a search-theoretic
model capturing this phenomenon. The model allows demand for cryptocurrencies
to be governed by both consumption and speculative motives, and matches empirical observations of Bitcoin velocity and peer-to-peer transaction share. Allowing
currency competition, I show that anonymity renders fiat-money-based e-payments
and cryptocurrencies imperfect substitutes. Lowering the fiat money inflation rate
is insufficient for eliminating cryptocurrency demand, and raising the participation
cost on cryptocurrency exchanges becomes necessary. I further analyze the optimal
participation cost on cryptocurrency exchanges, weighing up the benefit of financial
inclusion against the cost of illicit activities often associated with anonymity.
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Introduction

The spectacular price surges of Bitcoin in recent years has put the once esoteric blockchainbased electronic money into the spotlight, and stimulated much public interest in cryptocurrencies. Policymakers around the world have recognized the large potential of this
technology, both for increasing financial inclusion of the estimated 1.7 billion currently
under- and unbanked worldwide, and for improving the efficiency of cross-border payments
(G7, 2019). As central banks start to probe the idea of central bank digital currencies
(Barontini and Holden, 2019), private entities such as Facebook are also attempting to
launch their own cryptocurrencies. This latter development, however, has raised the alarm
and ignited a wave of debates concerning the various risks cryptocurrencies pose to society due to the lack of adequate regulatory frameworks, especially at the global scale. To
benefit from the potential of this new technology while limiting its risks, it is important
to understand if and how cryptocurrencies differ (from the perspective of consumers) from
conventional, government-issued (fiat) currencies, and what such differences imply for the
various concerns raised in the ongoing debate.
One oft mentioned feature that sets cryptocurrencies apart from existing electronic
payment means is their transactional anonymity. Created in 2008 by Nakamoto (2008),
Bitcoin, the original and most prominent cryptocurrency, is designed as a peer-to-peer
electronic currency that makes use of cryptographic protocols for settlement and record
keeping. As such, Bitcoin and subsequent cryptocurrencies unite the anonymity of cash
with the convenience of online payments. This transactional anonymity coupled with cryptocurrency’s online and cross-border nature attracts various groups of individuals ranging
from criminals, oppressed minority groups, vulnerable citizens in authoritarian regimes, to
more privacy-concerned individuals in financially developed regions.1
Indeed, anonymity and privacy concerns have been found by various studies to be important for the choice of payment means. Akhter (2012) establishes that privacy concerns
negatively affect the amount of money consumers spend online. Balgobin et al. (2017) show
that the presence of non-bank online payment means capable of preserving financial privacy
from banks and retailers increases online consumption. Using both survey data and the
transaction information of German consumers, von Kalckreuth et al. (2014) demonstrate
1
The anonymity and cross-border nature of cryptocurrencies has motivated the LGBT Foundation,
the largest LGBT health and community services charity in the UK, to launch its own token as a way
of empowering the community while allowing its members to stay anonymous. In Venezuela, citizens are
using Bitcoin to evade strict financial controls of an authoritarian regime (Cifuentes, 2019; Hernandez
(2019)). Schuh and Shy (2016) find privacy concerns to be important reasons for consumers adopting
cryptocurrencies, while Borgonovo et al. (2018) confirm in an experimental setting that privacy matters
significantly for the choice of payment instrument. To date, an accurate estimate of the relative importance
of the different usages of cryptocurrencies does not exist. Take illicit use of crytpocurrencies as an example,
Foley et al. (2019) estimate that approximately 23% of the total dollar value of transactions is associated
with illegal activities, while according to the Crypto Crime Report by Chainanalysis (a blockchain analysis
company), the share of Bitcoin economic value flowing into darknet markets has been less than 1% since
2016 (Chainalysis, 2019).
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that the desire for anonymity is a significant factor in explaining the high usage rate of
cash in Germany,2 even when controlling for payment habits. Schuh and Shy (2016) find
privacy concerns to be important reasons for consumers adopting cryptocurrencies. In an
experimental setting, Borgonovo et al. (2018) confirm that privacy matters significantly for
the choice of payment instrument.
In the case of cryptocurrencies, however, what is often overlooked is that this intended
anonymity is severely limited by the presence of know-your-customer (KYC) requirements
on existing cryptocurrency exchanges. Recognized by regulators as Money Service Businesses, cryptocurrency exchanges are subject to existing banking regulations, requiring
them to check and document the identities of their users (FinCEN, 2013).3 This restriction means that for those keen on preserving their online anonymity, seeking second-hand
purchases of cryptocurrencies on decentralized platforms becomes a more logical choice.
LocalBitcoins, a veteran peer-to-peer Bitcoin trading site active in over 1600 cities in over
240 countries and territories, is a prominent example of such anonymous platforms, through
which individuals can meet in person to carry out cryptocurrency trades.4
Motivated by these observations, this paper seeks to answer the following questions: how
does anonymity-motivated trading affect cryptocurrency demand and usage, and what
are the implications for the effectiveness and optimality of policies aiming at regulating
cryptocurrency demand?
This paper addresses these questions by analyzing cryptocurrency demand and spending
behavior in a search-theoretic model in the tradition of Lagos and Wright (2005). This
framework is most suitable here, since it makes explicit the frictions that render a medium
of exchange essential and gives a micro-foundation to money, yet is quite tractable. The
standard model has a two-subperiod structure: a frictionless market opens in the first
subperiod where agents balance their money holding, and a frictional market opens in
the second subperiod where money is needed for goods purchases. In the spirit of that
model, I interpret the frictional market as the online goods market and cryptocurrency the
electronic money used, and the frictionless market as the primary cryptocurrency market.
Importantly, however, I modify the standard model with three key extensions.
2

Using payment diary surveys from Austria, Canada, France, Germany, the Netherlands, and the United
States, Bagnall et al. (2016) show that Austria and Germany, relative to other countries in the sample,
are cash intensive, with large cash balances (two times greater than in other countries) and large average
withdrawal amounts.
3
The Financial Crimes Enforcement Network (FinCEN), a bureau of the U.S. Department of the Treasury, considers cryptocurrency exchanges Money Service Businessess, and subjects them to existing banking
regulations related to KYC, Anti-Money Laundering (AML), and Counter-terrorist Financing (CFT), see
FinCEN (2013). The KYC requirements are expected to further intensify from this point. In June 2019, the
Financial Action Task Force (FATF), an inter-governmental AML/CFT standard-setting body, issued new
guidelines to require cryptocurrency businesses in roughly 200 countries to verify the identities of anyone
sending or receiving more than $1,000 worth of digital assets (FATF, 2019). Recommendations of the FATF
are recognized as international standards and endorsed by over 180 countries.
4
As of June 2019, LocalBitcoins no longer permits cash trading. Other peer-to-peer platforms including
LocalCoinSwap, Paxful, and Bisq, however, are ready substitutes.
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Firstly, I modify the typical homogeneous agent setting into one with two types of agents,
differentiated by their different levels of desire for anonymity. While the non-anonymityseeking agents (N-types) are not affected by the KYC requirement on the primary market,
the anonymity-seeking agents (A-types) are deterred by the KYC requirement and do not
demand cryptocurrency on the primary market. This heterogeneity also means that in the
standard two-subperiod setting, only the N-types can consume on the online goods market. Thus, secondly, I extend the two-subperiod structure to four subperiods by adding a
secondary asset market and an additional online goods market. After the first online goods
market, the secondary asset market opens where the A-types can purchase cryptocurrency
from the N-types anonymously, and subsequently consume on the second goods market.
While the second goods market provides an incentive for the A-types to demand cryptocurrency from the N-types, this secondary demand introduces an additional motive for the
cryptocurrency demand of the N-types: namely, the N-types can demand cryptocurrency
not only with the intention of using it for online goods purchases, but also for resale on
the secondary market. Finally, I endogenize the participation decision of the N-types and
thus allow cryptocurrency velocity to adjust endogenously.
A few key results emerge from this modified setting. Firstly, contrary to the well-known
“hot potato” effect of inflation observed in fiat currencies, where the velocity of a currency
(that is, the average number of times each unit of the currency is used to purchase real
goods and services) tends to be positively correlated with the inflation rate, cryptocurrency
velocity and opportunity cost can be negatively correlated, consistent with Bitcoin data.
This is because anonymity-motivated secondary demand induces hoarding, and if the expected resale gain is sufficiently large, the share of cryptocurrency hoarded can actually
increase when the opportunity cost of holding cryptocurrency increases, leading to a countervailing “demand composition” effect. Secondly, when anonymity matters, fiat money
based payment means are no longer perfect substitutes of cryptocurrency and, thus, lowering fiat money inflation rates alone cannot eliminate cryptocurrency demand. Instead,
to crowd out cryptocurrency, it is necessary to raise the participation cost on cryptocurrency exchanges. Finally, raising the participation cost on cryptocurrency exchanges is not
always welfare-improving, even with the potential risk of criminal use. Unless the damage
by criminal activities is large, the benefit of higher financial inclusion outweighs the risk
and the optimal exchange participation cost is zero.
The contribution of this paper is threefold. Firstly, it contributes to the understanding
of demand side features of cryptocurrencies. By focusing on anonymity, this paper complements Agur et al. (2019), who consider the anonymity dimension in the optimal design of
central bank digital currencies (CBDC), Hendrickson and Luther (2019), who study criminal use of cryptocurrencies in a potential cash ban, and Garratt and van Oordt (2021),
who argue that the introduction of an electronic cash can improve welfare by increasing
privacy in payments. In contrast to these studies, this paper focuses on spatially segregated
transactions, where cryptocurrencies replace cash as an anonymous medium of exchange.
Taking existing friction in attaining anonymity through cryptocurrencies seriously and
3

considering a peer-to-peer secondary market, this paper also provides a micro-foundation
for cryptocurrency speculation. Contrary to Fernández-Villaverde and Sanches (2019),
Schilling and Uhlig (2019), and Benigno (2019)), the existence of resale possibilities in this
paper renders cryptocurrency additionally a speculative asset and allows us to study currency competition under imperfect substitutability between fiat money and a private digital
currency. The working of the secondary market in this paper is similar to Berentsen et
al. (2007), Mattesini and Nosal (2016), Geromichalos and Herrenbrueck (2016), and Lagos
and Zhang (2019), where the existence of a secondary asset market increases the demand
and price of the asset on the primary market. The mechanism of hoarding cryptocurrency
for resale further exhibits parallels to the phenomena of market freeze and flight to liquidity during financial crises, when the lack of (easy) access to sufficient liquidity can lead to
liquidity hoarding for precautionary (Robatto, 2019) or speculative (Gale and Yorulmazer,
2013) motives.
Secondly, by considering two types of consumers with different motives, this paper
provides a framework suitable for addressing the trade-off between financial inclusion and
the risk of criminal activities pertaining to cryptocurrencies, and contributes to the debate
on optimal policy responses to increasing Fintech influence. In this regard, this paper also
contributes to the literature on informal markets in general. The demand composition effect
in this paper is similar to the substitution of formal with informal market activities studied
in Aruoba et al. (2016). The result, that a lower participation cost on the cryptocurrency
exchange can lower the share of speculative demand and increase welfare, is reminiscent
of the findings of Fugazza and Jacques (2003), Ulyssea (2010), and Bosch and EstebanPretel (2012) in the context of informal labor markets, where lowering the cost of formality
reduces the size of the informal sector and improves the overall labor market performance.
Finally, by studying cryptocurrency velocity, this paper also contributes to the searchtheoretic literature on money demand, see e.g. Telyukova and Visschers (2013) and Wang
and Shi (2006), who focus on the variability of velocity, and Liu et al. (2011), Nosal
(2011), Ennis (2009), and Lagos and Rocheteau (2005), who explain the positive correlation
between fiat money velocity and inflation rates. By endogenizing consumer participation in
the primary market, this paper is similar to Liu et al. (2011) and can easily generate velocity
patterns for conventional currencies. However, by incorporating consumer heterogeneity
and secondary demand, the model allows a speculative motive similar to the precautionary
money demand in Telyukova and Visschers (2013), and can be seen to embed the setting
of Liu et al. (2011) as a corner case, where only one type of consumers use money in
equilibrium.
The remainder of the paper is organized as follows: Section 2 introduces the model, and
Section 3 analyzes the equilibrium. Section 4 demonstrates that a negative correlation between cryptocurrency velocity and opportunity cost can emerge, contrary to the workings
of fiat currencies but consistent with Bitcoin data. Section 5 analyzes the effectiveness of
lowering fiat money inflation rate versus regulating the participation cost on the cryptocur-
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rency exchange in eliminating cryptocurrency demand, while Section 6 derives the optimal
exchange participation cost. Finally, Section 7 concludes the paper.

2

Model

The model follows the “new monetarist” framework of Lagos and Wright (2005) and Rocheteau and Wright (2005), which makes explicit the frictions that render money essential
and thus provides a micro-foundation for money demand. In this framework, agents want
to consume perishable goods, but cannot self-produce all such goods, leading to a desire for
trade among agents. Trade, however, cannot easily occur since agents are anonymous and
there is no record-keeping, resulting in a need for a medium of exchange. In the standard
model, a decentralized, frictional market (DM) and a centralized, frictionless market (CM)
open sequentially each period throughout time. The DM makes money essential, whereas
the CM allows agents to rebalance their money holding each period. The existence of
the CM, coupled with the assumption of a quasilinear preference on the CM, renders the
distribution of agents’ money holding degenerate and keeps the model tractable.
The currency of interest here is cryptocurrency, which is an electronic medium of exchange that overcomes the friction of there being no record keeping among atomistic agents
in a decentralized, online goods market. As mentioned in the Introduction, my model extends the standard model in three ways. Firstly, I differentiate consumers by their preference for anonymity and introduce a KYC requirement for the cryptocurrency exchange in
the CM. Since the anonymity-seeking agents are deterred by the KYC requirement and do
not enter the exchange, they cannot participate in the cryptocurrency economy in the standard two-subperiod setting. Thus, secondly, I extend the model by adding a peer-to-peer,
secondary asset market, modeled after Geromichalos and Herrenbrueck (2016) and Lagos
and Zhang (2019), and an additional online goods market. After the first online goods
market, the secondary asset market opens where the anonymity-seeking agents can purchase cryptocurrency from the non-anonymity-seeking agents, and subsequently consume
on the second goods market. This extends the standard setting of two subperiods to four
subperiods. Finally, I endogenize the participation decision of the non-anonymous-seeking
agents, in the same spirit as the endogenous entry of households in Liu et al. (2011). This
allows the trading frequency on the secondary asset market to adjust endogenously.

2.1

Environment

Time is discrete and continues forever. Each period is divided into four subperiods. In
the first subperiod there is a centralized, local market (CM) for goods and assets. After
the CM, a first decentralized online goods market (OM1 ) opens in the second subperiod,
followed by a local, over-the-counter asset market (AM) in the third subperiod. Finally, a
second decentralized online goods market (OM2 ) opens in the last subperiod.
5

At the beginning of each period, a new generation is born and lives until the end of the
CM in the next period.5 Each generation contains a measure 1 of young producers and a
measure 1 of young consumers. Consumers are further distinguished by their preference
for anonymity: a measure σ have a strong preference for staying anonymous in their consumption transactions (dubbed “A-type” for “anonymity-seeking”), and a measure 1 − σ
do not care about anonymity (dubbed “N-type” for “non-anonymity-seeking”).
There are two non-storable consumption goods at each date: an offline good x (the
numeraire), produced locally, and an online good q, produced remotely. Consumers enjoy
both goods. Producers consume only the offline good. All agents are able to produce the
offline good and trade it in the CM. Only producers can produce the online good at a unit
cost c, and sell it on the OM1 and the OM2 . The OMs are competitive, and producers
have zero entry cost. In addition, while the CM is characterized by perfect record keeping
and frictionless trade, the OMs are anonymous and have no record keeping, thus requiring
a commonly accepted medium of exchange to facilitate trade.
There are also two assets in the economy: a Lucas tree and an intrinsically useless
nominal asset called cryptocurrency. Each young agent is endowed with a > 0 units of
trees every period. Trees are one-period-lived, provides a single dividend payout (the fruit)
of δ units of the numeraire in the CM of the next period and then die. Cryptocurrency is
long lived, has an exogenous supply path {Bt }∞
t=0 known to all agents, and is anonymous to
use. Importantly, while trees are immobile and costly to transfer spatially, cryptocurrency
is easy to transfer. Due to its storability and mobility, cryptocurrency is used as the
medium of exchange on the OM1 and the OM2 .
Cryptocurrency can be acquired both in the CM and the AM. To acquire cryptocurrency
in the CM, agents need to incur a fixed participation cost k and in addition comply with
the KYC requirement of the currency exchange, which request and document personal
information of the agents in the transactions. For the A-types, complying with the KYC
requirement is prohibitively costly, while the N-types do not incur such a cost. The AM, on
the other hand, is anonymous, has no record keeping and is costless to enter. In the AM,
potential buyers and sellers of cryptocurrency are matched randomly and, once matched,
engage in bilateral bargaining over the terms of trade. Since the AM is local, trees are
used as payment for the cryptocurrency purchase.
Each period the agents undertake the following activities (cf. Figure 1). In the CM,
all agents work and consume the numeraire good x. Old agents enjoy the fruits of trees,
5
The finite-life assumption is made purely for technical convenience, and is not central to the key
messages of this paper. While in the standard Lagos-Wright framework consumers can balance their money
holdings in the CM each period and thus have no incentive to save between periods, saving can be relevant
for the A-types in my setting, as they cannot balance their cryptocurrency holding in the CM. The finite-life
assumption, however, removes the incentive to save between periods and greatly simplifies the exposition.
Alternatively, one can assume that consumers are infinitely-lived, but may receive a type shock at the
beginning of each period and become anonymity-seeking in that period. A small probability of becoming
anonymity-seeking coupled with discounting can also render saving between periods unnecessary.
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Figure 1: Active actors in each subperiod
while young agents receive an endowment of new trees upon leaving the CM.6 In addition,
young N-type consumers also decide on their cryptocurrency acquisition, while old Ntypes and producers sell whatever cryptocurrency they have. The A-type consumers do
not participate in the cryptocurrency trade in the CM. In the OM1 , the N-types and
producers trade goods q online using cryptocurrency as payment. In the AM, the N-types
and A-types trade cryptocurrency locally using trees as payment. And in the OM2 , the
A-types and producers trade goods q online using cryptocurrency as payment.7
All agents discount between the periods with a common discount factor β. For each generation, consumers’ preference is given by Et {U (xj,t )−lj,t +uj (qj,t )+β [U (xj,t+1 ) − lj,t+1 ] },
where j ∈ {n, a} denotes consumer type, l stands for labor, U (·) is the utility from the
numeraire good, and uj (·) is the utility from the online good. The prefernce of a producer is given by Et {U (xp,t ) − lp,t − cqp,t + β [U (xp,t+1 ) − lp,t+1 ] }, where c is the unit
production cost of the online goods. While U (·) is the same for all agents, only consumers
enjoy the online goods and uj (·) can further differ between the two consumer types. As is
standard, both U (·) and uj (·) are concave and twice differentiable, and satisfy the Inada
conditions. Furthermore, uj (·) is characterized by constant relative risk aversion (CRRA),
where ηj ≡ −

qj u00
j (qj )
u0j (qj )

is type j’s relative risk aversion coefficient.8

I solve the equilibrium by backward induction.

2.2

Old agents’ value function at CM

In the CM at t + 1, old agents work and consume the numeraire good. In addition, while
producers and the N-type consumers may participate on the cryptocurrency exchange, the
6

The timing of receiving the endowment means that there is no trading of trees among agents in the

CM.
7

The four-subperiod structure and agents’ participation in each submarket are not merely by construction. Suppose after the CM, an OM and an AM open at the same time, and the two types of consumers each
decide on which market to visit first. If delaying consumption is sufficiently costly, the N-types would prefer
visiting the OM before the AM, while the A-types must visit the AM before the OM. The four-subperiod
structure can thus emerge endogenously. A proof can be provided upon request.
8
Throughout the paper, prime and double prime notation denotes first and second derivatives.
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A-type consumers avoid the exchange due to its traceability. The value function of an old
agent with bt units of cryptocurrency and at units of trees at the start of t + 1 is given by:
n
o
Wj,t+1 (bt , at ) = max
U (xj,t+1 ) − lj,t+1 , j ∈ {p, n, a}
xj,t+1 ,lj,t+1

s.t. xj,t+1 =

(
lj,t+1 + pj,t+1 bt + δat ,
lj,t+1 + δat ,

if j = p, n
if j = a

where pt+1 is the price of cryptocurrency in units of the numeraire in the CM at t + 1, and
the subscripts p, n, a denote producers, the N-type, and the A-type consumers, respectively.
Eliminating lt+1 using the budget constraint gives us the same x∗ for all old agents,
where U 0 (x∗ ) = 1. The CM value function of the old agents is thus linear in the amount
of tress, and, when applicable, also the amount of cryptocurrency they have:
Wj,t+1 (bt , at ) =

(
U (x∗ ) − x∗ + pt+1 bt + δat ,
U (x∗ ) − x∗ + δat ,

if j = p, n

.

(1)

if j = a

Since producers are mostly passive in the decentralized markets, the subsequent analysis
focuses only on consumers. The only thing to note on the producer side is that when selling
each unit of the online goods in the OM1 and OM2 , they must be compensated at βpct+1
units of cryptocurrency, since producers value their production effort at c units of the
numeraire and each unit of cryptocurrency at βpt+1 units of the numeraire (see (1)).

2.3

A-type’s spending decision at OM2

Denote by Λjt (bt , at ) the value function of a type j consumer at the beginning of the OM2 .
Let b̆t be the amount of cryptocurrency held by an N-type at the beginning of the AM,
and b̃t the amount sold to an A-type in the AM. Recall that both types are endowed with
a units of trees at the beginning of the AM, and let ãt be the amount of trees paid to
an N-type in the AM. Thus at the beginning of the OM2 , an A-type’s value function is
Λat (b̃t , a − ãt ), while that of an N-type is Λnt (b̆t − b̃t , a + ãt ).
Since the N-types do not participate in the OM2 , upon leaving the AM they have no
more use of cryptocurrency until the next CM. By (1), their value function is simply
Λnt (b̆t − b̃t , a + ãt ) = βδãt − βpt+1 b̃t + Λnt (b̆t , a).

(2)

For the A-types, having cryptocurrency allows them to consume in the OM2 . Since the
A-types do not wish to use cryptocurrency in the CM due to its traceability, they spend
all their cryptocurrency in the OM2 . Their value function is thus
Λat (b̃t , a − ãt ) = ua (qat ) − βδãt + Λat (0, a),
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where their online consumption qat is given by
qat =

2.4

βpt+1 b̃t
.
c

(3)

A-type’s cryptocurrency demand at AM

The A-types’ demand for cryptocurrency in the AM is an outcome of the bilateral bargaining with the N-types. Let the terms of trade agreed be denoted by (b̃t , ãt ), that is,
the A-type will exchange ãt units of their trees for b̃t units of the N-type’s cryptocurrency.
From the analysis for OM2 , the net gain from these terms of trade for each type of consumer
is respectively given by:
N-type:
A-type:

Λnt (b̆t − b̃t , a + ãt ) − Λnt (b̆t , a) = βδãt − βpt+1 b̃t ,
!
βpt+1 b̃t
− βδãt .
Λat (b̃t , a − ãt ) − Λat (0, a) = ua
c

For simplicity, I assume that the terms of trade are determined according to the proportional bargaining rule of Kalai (1977), which splits the total trade surplus proportionally
between the two types of consumers according to their bargaining power.9 Given the net
trade gain for each type of consumer, the bargaining problem can be written as
n
o
max βδãt − βpt+1 b̃t ,
b̃t ,ãt
!
!
θ
βpt+1 b̃t
s.t. βδãt − βpt+1 b̃t =
ua
− βδãt ,
1−θ
c
b̃t ≤ b̆t , ãt ≤ a,
where θ ∈ (0, 1) denotes the bargaining power of the N-types and thus their share of the
total surplus. The two inequality constraints represent the asset constraints of the two
types of consumers: while the N-types cannot sell more cryptocurrency than they have,
the A-types cannot spend more trees than their endowment.
Suppose the asset constraint of the A-types does not bind, it is then straightforward to
show that the cryptocurrency demand of the A-type will be

 c qa∗ , if c qa∗ < b̆t
βpt+1
βpt+1
b̃t =
(4)
b̆ ,
otherwise
t
9
Alongside Nash bargaining, proportional bargaining is an often used bargaining solution in search
models of monetary exchange. As discussed in Aruoba et al. (2007), proportional bargaining has several
desirable features compared with Nash bargaining. In particular, it guarantees the concavity of the value
functions, and that the solution is monotonic, whereas with Nash bargaining an agent can have a lower
individual surplus even when the total surplus of the trading pair increases.
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where qa∗ = u0a −1 (c) is the optimal consumption quantity given the production cost c, and
the amount of trees exchanged as payment equals
ãt =

θua (qat ) + (1 − θ)cqat
,
βδ

(5)

where qat is given by (3). That is, if the A-type’s asset constraint does not bind, they
will demand all the cryptocurrency the N-type brings into the AM, unless that amount
is larger than required by the A-type’s optimal OM consumption. Thus when the Atype’s asset constraint does not bind, the AM gain of trade is determined by the amount of
cryptocurrency the N-types bring into the AM. Throughout the paper, I make the following
assumption to ensure that the A-type’s asset constraint indeed never binds.10
Assumption 1. The supply of trees is abundant: a ≥

2.5

θua (qa∗ )+(1−θ)cqa∗
.
βδ

N-type’s spending decision at OM1

Unlike in the standard Lagos-Wright environment, where a decentralized goods market
is the only place for agents to use their money before rebalancing their money holding
in the CM, here an N-type additionally has the chance to meet a trading partner in the
AM and resell what they have not spent. For the AM, all A-types are potential buyers of
cryptocurrency, while only the N-types who participate on the cryptocurrency exchange
can be potential sellers. Define the “market tightness” as the ratio of the mass of N-types to
A-types on the AM, and denote it by nt ∈ [0, 1−σ
σ ]. Once in the AM, A-types and N-types
are matched randomly according to a constant-returns-to-scale matching function, where
the total number of matches depends on the mass of active A-types and N-types as well
as a general matching friction parameter ρ. For each N-type, the probability of meeting
t
an A-type is αt = α(nt , ρ), where ∂α
∂nt < 0 (by the assumption of constant returns to scale)
t
and ∂α
∂ρ < 0. Since for most of the remaining analysis ρ is kept fixed (Section 4.2 as the
only exception), for brevity
αt = α(nt )
(6)
t
and αt0 = ∂α
∂nt < 0 are used throughout the rest of the paper. I further denote the lower
and upper bound of αt by αl ≡ α 1−σ
> 0 and αu ≡ lim α(nt ) ≤ 1, respectively.
σ

nt →0

Let Vjt (bt , a) denote the value function of type j at the beginning of the OM1 . Given
the resale probability, the value function of an N-type with bt units of cryptocurrency is
n
o
Vnt (bt , a) = max un (qnt ) + αt Λnt (b̆t − b̃t , a + ãt ) + (1 − αt )Λnt (b̆t , a)
qnt

s.t.

cqnt
+ b̆t = bt ,
βpt+1

10
This assumption amounts to requiring the dividend of trees to be sufficiently large. This avoids the
two-sided hold-up problem that arises if the two assets to be exchanged are both inferior stores of value.
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where qnt is the N-type’s consumption on the OM1 , b̆t is the amount of cryptocurrency the
N-type still has when entering the AM, and b̃t and ãt are given by (4) and (5), respectively.
Using (2) and ignoring the constant terms, the decision over qnt is thus equivalent to
n
o
max un (qnt ) − cqnt + αt θ (ua (qat ) − cqat )
qnt
(
qt − qnt , if qt − qnt ≤ qa∗
s.t. qat =
qa∗ ,
otherwise,
where

βpt+1 bt
(7)
c
is the N-type’s total real balances in units of the online goods. If the N-type’s real balances
are abundant, they will consume their optimal quantity in the OM1 so that qnt = qn∗ ≡
u0n −1 (c), and still have enough real balances to cover the optimal consumption of an A-type.
If the N-type’s real balances are scarce so that qt < qn∗ + qa∗ , they face a tradeoff between
more consumption in the OM1 and a higher resale gain in the AM. In this case, the real
balances are split between the two uses so that
qt ≡

qt = qnt + qat

(8)

holds, and by the Inada conditions of uj (·), there is an interior solution and the optimal
allocation needs to satisfy:
 0

u0n (qnt )
ua (qat )
− 1 = αt θ
−1 .
(9)
c
c
That is, the marginal consumption surplus must equal the marginal resale gain.

2.6

N-type’s cryptocurrency demand at CM

While A-types stay out of the cryptocurrency exchange on the CM, young N-types choose
whether or not to participate on the exchange and if so, how much cryptocurrency to
acquire. Conditional on a positive participation decision, the value function of a young
N-type at the beginning of the CM in period t is given by:
n
o
Wnt (0, at ) = max U (xt ) − lt + Vnt (bt , a)
xt ,lt ,bt

s.t. xt + pt bt + k = lt .
Again, by quasilinearity of the CM preferences, all young N-types consume x∗ and all
N-types active on the cryptocurrency exchange will demand the same amount of cryp-

11

tocurrency. Using Vnt (bt , a) as derived in the last section and ignoring the constant terms,
an N-type’s cryptocurrency demand solves


max − pt bt + (un (qnt ) − cqnt ) + αt θ (ua (qat ) − cqat ) + βpt+1 bt ,
bt

subject to (7) and (8). Continue to assume qt < qn∗ + qa∗ and use (9), the following pricing
equation follows:

 0

un (qnt )
−1 ,
(10)
pt = βpt+1 1 +
c
0

where un (qc nt ) − 1 captures the marginal liquidity value an N-type enjoys from their cryptocurrency holding. Equation (10) is basically a consumption-based asset pricing equation,
0
if we interpret the marginal liquidity value un (qc nt ) − 1 as the “dividend” of cryptocurrency.
Importantly, however, the marginal liquidity value is not measured at the last unit of cryptocurrency demanded by the N-types, as would be the case should the N-types only be
interested in cryptocurrency as a medium of exchange in the OM1 . This suggests a sort of
overpricing, a point to which we shall return later.
Denote
it ≡

pt
− 1,
βpt+1

(11)

which captures the marginal opportunity cost of holding cryptocurrency.11 Equation (10)
is then equivalent to:
u0 (qnt )
it = n
− 1,
(DDn )
c
which can be interpreted as the N-type’s demand for real balances for consumption purposes. Equating the above with (9), we also have

 0
ua (qat )
−1 ,
(DDa )
it = αθ
c
which similarly can be interpreted as the N-type’s speculative demand for real balances.
Conditional on a positive participation decision, an N-type will demand cryptocurrency for
each purpose up to the point where the marginal benefit from that specific purpose equals
the marginal cost of holding cryptocurrency.
Finally, free entry of N-types means that for a positive demand for cryptocurrency to
exist in equilibrium, an active N-type must enjoy a non-negative net surplus from participating on the cryptocurrency exchange, that is:
pt bt + k ≤ (un (qnt ) − cqnt ) + αt θ (ua (qat ) − cqat ) + βpt+1 bt
11

⊥

αt ≥ α l ,

(12)

For conventional fiat currencies, it constitutes the nominal interest rate and (11) will be the Fisher
pt
equation, where πt ≡ pt+1
− 1 will be the inflation rate.
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where the left hand side of the participation constraint gives the total cost of acquiring
bt units of cryptocurrency and the right hand side the total expected surplus generated
from it, including the consumption surplus, resale gain and the value stored from this
period to the next. Intuitively, for an N-type to participate in the cryptocurrency market,
the total gains of holding cryptocurrency net of its opportunity cost must at least exactly
compensate the fixed participation cost. Substituting pt and pt+1 away by (DDn ), and
using the following shorthand:
Sj (qjt ) ≡ uj (qjt ) − qjt u0j (qjt ),

∀qjt ∈ (0, qj∗ ), j ∈ {n, a},

(13)

αt ≥ αl .

(FE)

the free entry condition can also be written as
k ≤ Sn (qnt ) + αt θSa (qat )

⊥

Thus in an equilibrium with a positive cryptocurrency demand, either all N-types strictly
prefer to participate in the cryptocurrency market and the participation constraint is nonbinding (k < Sn (qnt ) + αt θSa (qat )), or everyone is simply indifferent between participating
or not participating and the participation constraint is binding (k = Sn (qnt ) + αt θSa (qat )).

2.7

Cryptocurrency market clearing at CM

Free entry of the N-types determines the AM market tightness nt and thus the measure of
active N-types: σnt . Individual demand bt is given by (7), and the total cryptocurrency
t
demand is thus σnt bt = σnt βpcqt+1
. The total supply Bt , on the other hand, is exogenously
given by the cryptocurrency protocol. In equilibrium, the cryptocurrency market must
clear. Using (6) and (8) to replace nt and qt , respectively, the supply of the cryptocurrency
real balances can be written as:
(qnt + qat )cσn(αt ) = βpt+1 Bt ,

(SS)

where n(αt ) is the inverse function of (6). I assume throughout the paper that the supply
of cryptocurrency is scarce so a positive marginal liquidity value is possible:
Assumption 2. Cryptocurrency has a fixed long-run supply and is scarce: Bt ≤ B̄ ≡
∗
∗
lim Bt and B̄ < c(1−σ)
βpt+1 (qn + qa ).
t→∞

3

Equilibrium

From the analysis above, an equilibrium can be defined as follows:
Definition 1. An equilibrium is a sequence {pt , it , αt , nt , qt , qnt , qat , bt }∞
t=0 satisfying (FE),
(DDn ), (DDa ), (SS), (6), (7), (8), and (11).
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At any point in time, given next period’s price pt+1 , the array {pt , it , αt , nt , qt , qnt , qat , bt }
can be pinned down once we solve for the following four key variables: 1) the opportunity
cost of holding cryptocurrency it ; 2) the AM matching probability for the N-types αt ; 3)
the real balances demanded by an N-type for consumption qnt ; and 4) the real balances
demanded by an N-type for speculative purposes qat . Accordingly, given pt+1 , it is sufficient
to focus on the four key conditions (FE), (DDn ), (DDa ), and (SS). In the remaining
analysis, I thus only make use of these four key conditions. For the rest of the paper, I also
drop the time subscript wherever it does not cause confusion, and use p+1 to denote next
period’s cryptocurrency price.
At any point in time, given the four key conditions, a monetary equilibrium exists
if we can find a non-negative quadruple (i, α, qn , qa ) that jointly satisfies (DDn ), (DDa ),
(FE) and (SS). Notice that, given i, the first three equations are independent of p+1 . Thus
finding a candidate equilibrium first requires finding an opportunity cost i that satisfies the
three conditions (DDn ), (DDa ) and (FE). Lemma 1 shows the existence of the candidate
equilibria. The proofs for all lemmas and propositions are provided in Appendix D.
Lemma 1. Let G(i, α) ≡ Sn (qn (i))+αθSa (qa (i, α)) be a function of i for a given parameter
value α, where qn (i) and qa (i, α) are implicitly given by (DDn ) and (DDa ), respectively.
Let k̂ ≡ G(0, αu ) = Sn (qn∗ ) + αu θSa (qa∗ ). For any k ∈ [0, k̂], there exists a unique iu (k) ≥ 0,
implicitly defined by G(iu (k), αu ) = k, such that for any i ≤ iu (k) a unique candidate
equilibrium (satisfying (DDn ), (DDa ), and (FE) simultaneously) exists. Any candidate
equilibrium with a binding (or: non-binding) participation constraint further features i ∈
[il (k), iu (k)] (or: i ∈ [0, il (k))), where il (k) is implicitly defined by G(il (k), αl ) = k.
For a monetary equilibrium to exist, there must be a positive mass of N-types who
participate on the cryptocurrency exchange, which requires (FE) to hold, while the cryptocurrency demand of the active N-types will be given by (DDn ) and (DDa ). These three
conditions can be illustrated graphically in the (α, q) space (see for example the left panel
of Figure 2). While (DDn ) and (DDa ) can be combined to show an upward sloping, concave curve of q in α, which I refer to as the DD curve, (FE) with a binding participation
constraint depicts a downward sloping curve of q in α. For a given i, the DD curve depicts
the total demand for real balances by an N-type as a response to the AM matching probability: the higher the AM matching probability, the more cryptocurrency the N-type will
demand. The FE curve, on the other hand, shows the participation decision of the N-types
as a response to the value of the real balances they carry: the more valuable cryptocurrency
is (the higher the real balances), the more N-types will participate in the cryptocurrency
market and the lower will be the AM matching probability.
The left panel of Figure 2 illustrates how a higher opportunity cost i changes the DD
and FE curves for a given participation cost k, while the right panel illustrates the two
thresholds il and iu . As long as the participation constraint is binding, it is immediate
from the left panel of Figure 2 that an increase in i shifts both the DD and FE curves to
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FE (i = iu)
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FE (i = il )
α
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Figure 2: Effect of higher i for a given k
the right, resulting in a larger α. The lower and upper bounds of i follow immediately from
the fact that α ∈ [αl , αu ] must hold.
Given Lemma 1, the existence of a monetary equilibrium translates into the existence
of an opportunity cost i for which the candidate equilibrium (solution to (DDn ), (DDa ),
and (FE)) also solves (SS). Using this logic, Proposition 1 below shows the existence of
a monetary equilibrium in a given period, given next period’s cryptocurrency price, and
further provides a sufficient condition for the uniqueness of the monetary equilibrium.
Proposition 1. For any k ≤ k̂, there exists a unique p̂(k) > 0, where p̂(0) =
ˆ
∂ p(k)
∂k
il (k)+1
,
il (k)+αl θ

and

< 0, such that for any p+1 ≤ p̂(k), a monetary equilibrium exists.

∗ +q ∗ )
c(1−σ)(qn
a
βB
If ηηna ≥ η̃ ≡

the monetary equilibrium is unique.

For cryptocurrency to be valued, it needs to be scarce. Scarcity is precisely pinned down
by the condition p+1 < p̂(k). Conditional on scarcity, the existence of a monetary equilibrium requires a positive mass of N-types that participate in the cryptocurrency market and
that their demand for real balances clears the cryptocurrency market. Since each person’s
demand for real balances is bounded above, market clearing requires a sufficiently large
mass of active N-types, or equivalently, a sufficiently low α, while the N-types’ participation constraint requires a sufficiently high α. Proposition 1 shows that, conditional on
scarcity, a non-negative quadruple (i, α, qn , qa ) satisfying all these requirements exists. In
addition, the condition ηηna ≥ η̃ makes sure that each active N-type’s total demand for real
balances is downward sloping in the opportunity cost i (intuitively, this condition requires
that the response of the speculative demand is not too large so as to render an N-type’s
total demand upward-sloping in i). When this condition is fulfilled, the aggregate demand
for real balances from all active N-types is also downward-sloping in i, and the monetary
equilibrium is unique.
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Proposition 1 above shows the existence of a monetary equilibrium in a given period
conditional on next period’s price p+1 , and provides the key to solve the entire dynamic
equilibrium, that is, finding the price path and the associated allocation of real balances
over time. Knowledge on the dynamic equilibrium is, however, not needed for the remaining
analyses. Thus, I refer interested readers to Appendix B. In the rest of the paper, I take
the next period cryptocurrency price p+1 , and thus the opportunity cost i, as given.

4

Cryptocurrency demand and usage

When anonymity matters, the N-types perceive cryptocurrency both as a medium of exchange and as a store of value (see (DDn ) and (DDa )). A direct implication of this is –
consistent with the intuition of any casual observer of the Bitcoin price development – that
a speculative premium exists. To see this through the lens of the model, note that the
cryptocurrency price on the exchange is given by (10), which can be rewritten as
p=

βp+1 0
qu0 (qn )
un (qn ) = n
.
c
b

(14)

From the second equality, it is apparent that the price the N-types are willing to pay is
equal to the value of the real balances provided by each unit of cryptocurrency. However,
here the N-types are not valuing their entire real balances at the marginal utility derived
from the last unit of cryptocurrency they demand (that is, at u0n (q)), as would be the
case if they were only able to spend it for consumption. Instead, they value their entire
real balances at a higher level as if it were actually more scarce (that is, at u0n (qn )). Put
differently, the price the N-types are willing to pay for their entire real balances q exceeds
the price that they would otherwise pay should they be denied the chance of reselling and
0
be obliged to hold the cryptocurrency until the next CM, that is, p > qunb(q) . Thus a
speculative premium in the sense of Harrison and Kreps (1978) exists.
Denote the share of real balances the N-types demand for resale purposes by h and the
share of the speculative premium in the cryptocurrency price by s:
h≡

qa
q

s≡1−

(15)
βp+1 0
c un (q)

p

=1−

u0n (q)
.
u0n ((1 − h)q)

(16)

The next lemma states how the allocation of cryptocurrency for the two demand purposes
and the speculative premium correlate with the opportunity cost.
Lemma 2. Suppose k ≤ k̂ and ηηna ≥ η̃. A higher opportunity cost (i ↑) corresponds to
a higher equilibrium AM matching probability (α ↑), a higher share of speculative demand
(h ↑), and the speculative share in the cryptocurrency price (s ↑).
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Intuitively, when the cost of holding cryptocurrency increases, fewer N-types will be
inclined to participate on the cryptocurrency exchange. This reduces congestion in the
AM and results in a higher matching probability for the N-types. For an active N-type,
a higher cost of holding cryptocurrency makes them want to demand less of it for their
own consumption. But as they now have a higher probability of reselling cryptocurrency
in the AM, they may or may not demand less for resale. In any case, if the A-type’s OM
demand is sufficiently inelastic (that is, ηa sufficiently high), active N-types will expect a
sufficiently high resale benefit and their speculative demand for cryptocurrency will not
decrease as much, if at all. If ηηna ≥ η̃, the N-types’ demand for real balances for consumption
purposes falls relatively more, when compared to their speculative demand. Consequently,
the market price for cryptocurrency will also reflect more of the speculative incentive rather
than the N-types’ consumption need, corresponding to a higher speculative premium.
At this point, it would be of great interest to quantify the relative importance of resaledriven demand and accordingly the speculative premium. However, the anonymous and
decentralized nature of cryptocurrency transactions means that tackling such a task directly
is near impossible. In the following, I resort to analyzing two measures for insights in
cryptocurrency demand and usage pattern: 1) cryptocurrency velocity and 2) the AM
transaction share in total cryptocurrency transactions.

4.1

Velocity

Defined as the ratio of the nominal spending in a currency to the total supply of the
currency, velocity captures the average number of times each unit of the currency is used
to purchase real goods and services. More commonly, the inverse of velocity is considered
a notion of currency demand, capturing people’s willingness to hold the currency (Lucas
and Nicolini, 2015).
In the standard Lagos-Wright framework, total spending consists of spending in both
the centralized and the decentralized markets. Similarly, here it must also consist of both
the centralized and decentralized components. Since the CM in this paper is the same as
the standard model, the expression for the CM velocity is also standard:
vc =

X ∗ /p
X∗
=
,
B
pB

where 1/p is the nominal price of the numeraire good in units of cryptocurrency in the CM.
Since the deviation from the standard model in this paper is really only on the decentralized
markets, I will no longer address v c in the remainder of the paper, but focus instead on
the velocity on the decentralized markets.12
12

The CM velocity in the Lagos-Wright framework is not a well-defined concept, since the transaction
role of money is not explicitly modeled in the CM, contrary to the decentralized markets. Since the CM is
standard in my model, any novelty in terms of a cryptocurrency velocity pattern can only arise from the
decentralized markets. I thus avoid the conceptual difficulty of dealing with the CM velocity and do not
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In the present framework, not all cryptocurrency transactions on the decentralized markets are for consumption purposes, due to the presence of the AM and the transactions
within. As a result, the velocity on decentralized markets now consists of velocities both
for consumption in the two online markets and for resale transactions in the AM. In particular, each purchase in the OM2 involves two separate cryptocurrency transactions, one
for the currency to be transferred from the N-type to the A-type, and another for it to be
spent for consumption in the OM2 .13 Consequently, the velocity of the cryptocurrency on
the decentralized markets is given by:
vd =

nσc (qn + 2αqa )
= 1 − (1 − 2α)h,
βp+1 B

(17)

where the nominal price on the decentralized markets is c/(βp+1 ).
From (17), it is immediate that the deviation from the standard model exists due to the
presence of h. If h = 0, v d is the same as in the standard model. In this case, the N-types
spend all their cryptocurrency in the OM1 , and the velocity in the decentralized markets is
exactly equal to the probability of spending the currency for consumption, which is 1 here.
However, due to the speculative motive, h in this model is always positive. Thus, unlike
in the standard model, the N-types do not spend all their cryptocurrency immediately for
consumption.
Apart from the level effect, the presence of the extra term in v d means that the response of the velocity to changes in the opportunity cost can also be different. Here, it
is a priori not clear whether v d is increasing or decreasing in i, since both α and h can
change in response. As Lemma 2 suggests, α and h can both increase in i for a given
parameter constellation. This means that a higher opportunity cost can in principle lead
to two opposing effects. While a positive relationship between α and i corresponds to the
well-known “hot potato” effect, a positive relationship between h and i (when 1 − 2α > 0)
suggests a second, novel effect of demand composition. When the higher cost of holding
cryptocurrency dampens entry by the N-types (n ↓), this reduces congestion on the secondary asset market and leads to a higher resale probability, which encourages speculative
demand. This demand composition effect can lower the total consumption spending and
cryptocurrency velocity, since not all active N-types get to trade in the AM. The next
proposition summarizes the net outcome of the two effects.
include it in further analysis. Note that this omission does not compromise my analytical results. In fact,
given next period’s price p+1 , from (11), it is obvious that a higher i directly translates into a higher p and
thus a lower v c , which is consistent with a negative velocity-opportunity cost relation.
13
It is not important for the qualitative results whether cryptocurrency changes hands multiple times
before it gets spent for consumption. More generally, preserving anonymity requires at least one peer-topeer transaction from an N-type to an A-type, and thus, any consumption purchase done by an A-type
takes at least one extra transaction than by an N-type. Suppose on average each consumption purchase
by an N-type
 involves χ ≥ 1 transactions, then it takes at least χ + 1 transactions for an A-type. Thus,
v d /χ = 1 − 1 − (1 + χ−1 )α h. If χ = 1, we have (17); if χ → ∞, v d /χ → 1 − (1 − α)h.

18

Proposition 2. Suppose k ≤ k̂ and ηηna ≥ η̃. There exists α̃ ∈ (0, 12 ) such that if αu ≤ α̃,
the cryptocurrency velocity in the decentralized markets v d is decreasing in the opportunity
cost of holding cryptocurrency i for all i ∈ [0, iu (k)]. If αu > α̃, v d is generally nonmonotonic in i, and there exists a unique ĩ ∈ [il (k), iu (k)], where
decreasing in i for all i ∈ [il , ĩ).

∂˜
i
∂θ

> 0, such that v d is

Proposition 2 shows that when secondary cryptocurrency demand is taken into account,
the standard result of a positive correlation between a currency’s velocity and its opportunity cost does not necessarily hold. In fact, when the opportunity cost is not too large
such that the equilibrium AM matching probability is relatively low, a negative correlation
can emerge. In this case, the expectation of a sufficiently large resale gain induces a strong
demand composition effect and leads to a negative correlation between the cryptocurrency
velocity and its opportunity cost. Importantly, for the demand composition effect to occur,
different motives for cryptocurrency demand need to coexist. This can be seen from (17).
A negative correlation between the velocity and the opportunity cost of holding cryptocurrency cannot occur unless 0 < h < 1. If h = 0, velocity is constant at 1; if h = 1, the
demand composition effect disappears and only the “hot potato” effect prevails. Thus,
interestingly, for the negative correlation to occur, it is important that cryptocurrency is
perceived by the N-types both as a medium of exchange and as a store of value. The
competition of the two roles is at the heart of generating this negative correlation.
A few remarks are in order at this point. Firstly, the current model can be seen to embed
the setting of Liu et al. (2011). While I have assumed that N-types get to consume in the
OM1 with certainty, it is possible to assume that the mass of active N-types also affects
the probability of meeting a producer in the OM1 . In this richer setting, shutting down the
secondary asset market will set h = 0 and directly produce the model of Liu et al. (2011).
A higher i will lead to less N-type participation, a higher probability of consumption in
the OM1 , and thus also a higher v d . Similarly, it is also possible to shut down the OM1 in
the current model. In this case, h = 1 so the “hot potato” effect prevails, and again the
results of Liu et al. (2011) apply. Thus their setting emerges as a corner case of my model.
Relatedly, it is also interesting to note the effect of a short sale constraint. If cryptocurrency exchanges do not impose a short sale constraint and it is possible for the N-types to
sell cryptocurrency they do not yet own, then h > 1 is possible. This gives more room to
the demand composition effect, which can lead to a higher share of speculative premium
in the cryptocurrency price and a larger fluctuation in actual consumption spending and
cryptocurrency velocity.
Finally, the hoarding behavior studied here, and its implications, exhibits parallels to
the phenomena of market freeze and flight to liquidity during financial crises. During
financial crises, the (fear of the) failure of financial markets or financial institutions to
provide sufficient liquidity leads either to precautionary liquidity hoarding, as in Robatto
(2019) where agents expect a need for liquidity in future but fear that they will not have
sufficient access to liquidity through the markets or banks, or to speculative hoarding as in
19

Parameter

Value / Source

β
ν
c
ηn
k
ηa
θ

0.97 (Liu et al., 2011)
0.0001 (Liu et al., 2011)
1 (Liu et al., 2011)
0.373 (Liu et al., 2011)
0.58
various values: {0.7, 0.8, 0.9}
various values: {0.3, 0.5, 0.9}

discount factor
constant in utility function
production cost of online goods
N-type’s relative risk aversion
crypto market participation cost
A-type’s relative risk aversion
N-type bargaining power

Table 1: Parameters
Gale and Yorulmazer (2013), when agents expect to profit from the greater liquidity need
of others and the resulting fire sales of assets. The parallel here is that when the KYC
requirements prevent certain agents from accessing the exchange, it creates opportunities
for others to profit from this lack of access, leading to the behavior of speculative hoarding.
Thus, although anonymity-induced secondary trading is specific to cryptocurrency, the
mechanism it generates bears resemblance to a much more general phenomenon.
Numerical example I now provide a numeric example to illustrate the results of Proposition 2. Following the literature, I assume the following standard functional forms:
OM utility:
AM matching probabilty:

(qj + ν)1−ηj − ν 1−ηj
,
1 − ηj
1
α(n) =
.
1+n

u(qj ) =

j ∈ {n, a},

(18)
(19)

There are a total of seven parameters to determine: {β, ν, c, ηn , ηa , θ, k}. For the first four
parameters, I choose the same values as in Liu et al. (2011). The relative risk aversion
parameter of A-type’s OM utility (ηa ) and the bargaining power of the N-types (θ) and are
allowed to vary. The participation cost k is set to 0.58 so that for all ηa and θ combinations,
the steady state14 AM matching probability α∗ is always between 5% and 15%. Table 1
gives an overview of the parameters.
Using the above functional forms and parameter values, I solve (DDn ), (DDa ), and (SS)
for a vector of different i values. Figure 3 illustrates the response of v d to the varying values
of i for each ηa and θ combination. In all panels of Figure 3, the horizontal axis represents
the opportunity cost of holding cryptocurrency (i), while the vertical axis represents the
velocity in the decentralized markets (v d ). As is apparent from the figure, v d is generally
U-shaped in i at low levels of ηa and θ. However, as ηa and θ become larger and the
speculative incentives become stronger, v d eventually becomes monotonically decreasing in
the opportunity cost for the entire range of i considered.
14

That is, when i = 1/β − 1. See also Appendix B.
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Figure 3: The velocity-opportunity cost relation

Figure 4: The “hot potato” and the demand composition effects
In addition, taking the combination ηa = 0.9 and θ = 0.9 as an example, Figure 4
illustrates the “hot potato” and the demand composition effects. As demonstrated in
Lemma 2, the right panel shows that the AM matching probability α to be increasing in i
(the “hot potato” effect), while the middle panel illustrates a positive relation between the
speculative share h and the opportunity cost i (the demand composition effect). The left
panel shows that for the given parameter values, the demand composition effect dominates
such that v d is decreasing in i.
Empirical pattern An empirical prediction from Proposition 2 is that, due to anonymitymotivated secondary trading, cryptocurrency velocity can be negatively correlated with the
opportunity cost of holding cryptocurrency, contrary to the workings of conventional fiat
currencies. This section confronts this prediction with the Bitcoin data.
As a benchmark and to illustrate the “hot potato” effect of inflation for conventional
currencies, Figure 5 first illustrates the velocity-inflation relation for the US dollar, as an
example with relatively low inflation, and for the Turkish lira, as an example with relatively
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high inflation. For both currencies, all data series are retrieved from FRED St. Louis. The
velocity is calculated as the ratio of quarterly nominal GDP to the average stock of M1 of
the corresponding quarter. For both currencies, Figure 5 illustrates a positive correlation
between the currency’s velocity and its inflation rate.
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Note: Trend removed using the Hodrick-Prescott filter for all series.

Figure 5: Fiat currency velocity and inflation

Turning to cryptocurrency, I use Bitcoin, the original and most prominent cryptocurrency, as an example. Using data downloaded from Blockchain.info, Bitcoin velocity is
computed as the ratio of Bitcoin on-chain transaction volume (in units of Bitcoin) in a
certain period to the average number of Bitcoin outstanding in that period. As a measure
of the opportunity cost, the rate of Bitcoin’s real value depreciation is computed. I first
convert the daily US dollar price of Bitcoin into real price in constant dollars, and then
derive the average real price for a certain period. The rate of real value depreciation for
that period is finally computed as


pt
πbtc =
− 1 × 100,
pt+1
where pt and pt+1 are the quarterly (or monthly) average real price.15
Figure 6 illustrates the relation between the measure of Bitcoin velocity and its rate
of real value depreciation at quarterly and monthly frequencies. Contrary to the workings of fiat currencies, Bitcoin velocity is negatively correlated with its rate of real value
depreciation, consistent with Proposition 2. Although this suggestive evidence may not
be sufficient in informing the size of the speculative demand, from the discussion on the
importance of the dual role in determining the sign of the correlation between the velocity
and the opportunity cost, the negative correlation in Figure 6 corroborates the existence
of speculative demand.
15
Appendix A provides a comparison of using Bitcoin futures prices instead of spot prices, and conducts
further robustness checks.
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Figure 6: Bitcoin velocity and rate of real value depreciation

4.2

AM transaction share

Since speculative returns are realized through trading in the AM, a related measure to the
share of speculative demand is the share of AM transaction volumes. In the model, this is
given by
αh
.
(20)
τ≡
1 − (1 − 2α)h
Recalling from Section 2.5 that the AM matching probability depends on both the market
tightness n and the general matching friction ρ, τ can also be written as


1−h
τ = 2+
α(n, ρ)h

−1
.

(21)

From Lemma 2, a higher opportunity cost of holding cryptocurrency corresponds to a
higher AM trading frequency α and a higher share of speculative demand h. If the velocity
is in addition decreasing in i, it is clear from (20) that the share of AM transaction volumes
will be increasing in i. In addition, since the AM matching probability decreases with the
general matching friction, for a given i, the share of AM transaction volumes will be lower
for a higher ρ. This result is summarized in the next proposition.
Proposition 3. Suppose k ≤ k̂ and ηηna ≥ η̃. The share of the AM transaction volumes τ
is increasing in the opportunity cost of holding cryptocurrency i and decreasing in the AM
matching friction ρ.
Empirical pattern Although the empirical prediction of Propostion 3 is straightforward, testing its validity is rather difficult, again due to the obscurity of the blockchain
transaction data. Nonetheless, since there is no obvious reason why the predictions from
Proposition 3 should not be the same for all peer-to-peer trading platforms, one can confront the predictions with known transaction volume data of prominent peer-to-peer trading
platforms.
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0.3

To check the relation between the share of AM transaction volumes and the opportunity cost of holding cryptocurrency, I resort to the transaction volume data known to be
associated with LocalBitcoins, the most well-known peer-to-peer cryptocurrency trading
platform. Using Bitcoin on-chain transaction volume data from Blockchain.info and LocalBitcoins’ Bitcoin transaction volume data from Coin.dance, both in units of Bitcoin, I
compute LocalBitcoins’ share of total Bitcoin transactions as a proxy for the share of AM
transaction volume. Using this measure and the Bitcoin velocity computed earlier, the
left panel of Figure 7 plots Bitcoin’s monthly velocity against LocalBitcoins’ share of the
total Bitcoin monthly transaction volume, with the respective trends removed using the
Hodrick-Prescott filter. The right panel plots the growth rate of Bitcoin’s monthly velocity against the growth rate of LocalBitcoins’ transaction volume share.16 In both graphs,
the negative correlation is consistent with the prediction that a higher opportunity cost of
holding cryptocurrency corresponds to a higher share AM transactions.
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Figure 7: Bitcoin velocity and LocalBitcoins’ transaction share

Finally, to check the relation between the share of AM transaction volume and the AM
matching friction, I compare the development of Bitcoin transaction volumes on LocalBitcoins and its major rival, Paxful. For the purpose of this comparison, the ban of cash
trading on LocalBitcoins that became effective in June 2019 serves as a natural experiment. A cash ban greatly reduces the probability of anonymous trading on LocalBitcoins
and accordingly, its transaction share is expected to fall after the ban.
Again using transaction volume data from Coin.dance, Figure 8 compares the monthly
Bitcoin transaction volume on the two rival platforms before and after the cash ban. Although different in size, the transaction volumes on the two platforms mostly shared the
same trend prior to LocalBitcoins’ cash ban. The trends however started to diverge shortly
after the ban. The decline in transaction volume on LocalBitcoins compared to the transaction volume increase on Paxful is consistent with the prediction that for any i, a higher
AM trading friction should correspond to a lower AM transaction share.
16

As of June 2019, LocalBitcoins no longer permits cash trading. My sample thus only considers LocalBitcoins data prior to June 2019.
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Figure 8: Bitcoin transaction volume on LocalBitcoins vs. Paxful

5

Currency competition versus participation regulation

The analysis of cryptocurrency velocity and the share of AM transactions in the previous
section show that anonymity and speculative motives are indeed relevant for cryptocurrencies. It is natural to ask how this result will affect potential policy responses to the
increasing presence of Fintech. With the market capitalization of cryptocurrencies growing, and Facebook’s recent attempt to launch its own digital currency, the question of
appropriate policy response is increasingly urgent. Without a coordinated global response,
strategies to limit demand for private digital currencies at the national level seem to be
limited to competition versus regulation: either make fiat money more competitive or
increase the entry barrier for private currencies though regulation. Assuming perfect substitutability between fiat money and private digital currencies, existing literature, such as
Fernández-Villaverde and Sanches (2019) and Benigno (2019), suggests that lowering the
fiat money inflation rate can exert sufficient competitive pressure to crowd out demand for
private digital currencies. When anonymity matters, however, fiat money (and potentially
even central bank digital currencies) may not be deemed a perfect substitute for private
digital currencies. In light of this discussion, this section analyzes whether competition
or regulation can effectively eliminate cryptocurrency demand at a national level, when
anonymity-seeking preference is present. Through the lens of the current model, I interpret competition as lowering the inflation rate of fiat money, and regulation as raising the
fixed participation cost on cryptocurrency exchanges.
To allow currency competition, I now enrich the model by allowing fiat-money-based
payment cards alongside cryptocurrency in the OM1 .17 Fiat money and cryptocurrency
17
Although debit cards are the most ready example for fiat-based payment cards, we may also think
of account-based central bank digital currency that does not provide transaction anonymity. Since for
anonymity reasons the existence of fiat-based payment cards matters only for the N-types, there is no
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are assumed to be perfect substitutes in the OM1 (this assumption is relaxed in Appendix
C). In line with the baseline model, I allow a fixed participation cost for both fiat-based
payment cards and for cryptocurrency, and denote them by kf ≥ 0 and kb ≥ 0, respectively.
I further denote the opportunity cost of holding cryptocurrency by ib , whereas the nominal
interest rate is if . The AM and the OM2 are unchanged.
A few remarks are beneficial here. Firstly, ib is considered exogenous to reflect the
fact that cryptocurrency is a global asset whose supply and global demand are beyond
the control of a single country. The authority of a single country can nevertheless affect
the domestic demand of cryptocurrency in several ways. On one hand, since the nominal
interest rate if is subject to the control of the central bank, the country may compete
against cryptocurrency by lowering if in a bid to make its own currency more attractive.
I refer to this as the competition strategy. On the other hand, the country may tighten
its regulation on cryptocurrency trading on exchanges and thus artificially increase the
participation cost kb . I refer to this as the regulation strategy. Compared to the baseline,
a cryptocurrency participation cost kb thus reflects both the underlying economic viability
of cryptocurrency and the strictness of cryptocurrency regulation.
Secondly, as debates on the merits of cryptocurrencies have revealed, the attractiveness
of cryptocurrency depends on the degree of financial development. Here, the different
degrees of financial development can be conveniently captured by the participation cost
kf . A financially less developed country is one characterized by a relatively high kf ,
where no fiat-based online payment means exists even in the absence of cryptocurrency.
A financially more developed country, on the other hand, has a low kf , which makes fiatbased online payment means economically viable in equilibrium. This difference will be
made more formally later on.
Finally, the current setting differs in a few ways from existing models of currency
competition between privately-issued digital currencies and fiat money (see in particular Fernández-Villaverde and Sanches, 2019, Schilling and Uhlig, 2019 and Benigno, 2019).
A major departure from the mentioned papers is that in my framework fiat money and
cryptocurrency are perfect substitutes only to some but not all consumers due to their different levels of desire for anonymity. As we shall see later, this difference matters crucially
for the effectiveness of policy responses. In addition, the current setting is more general
than existing literature that does not include a participation cost for either currency, which
can be seen as a special case of the current model (that is, kf = kb = 0).
Given the fixed participation costs kf and kb , an N-type may decide to participate in
neither currency market, only in the fiat market, only in the cryptocurrency market, or in
both. For an N-type participating only in the cryptocurrency market, their cryptocurrency
need to introduce fiat-based payment cards on the OM2 . One interpretation is that A-types self-select into
markets where they can use cryptocurrency.
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demand is given by (DDa ) and (DDn ) as in Section 2. For an N-type participating only in
the fiat money market, their fiat demand is given by
if =

u0n (q f,0 )
− 1,
c

(DDf )

where if is the nominal interest rate and q f,0 is the real balances held by an N-type
demanding only fiat money.
If an N-type participates in both currency markets, their currency demand satisfies:

u0a (qab )
−1
ib = αθ
c
u0 (q f + qnb )
ib ≥ n
−1
c
u0 (q f + qnb )
if ≥ n
−1
c


(DDca )
⊥

qnb ≥ 0

(DDcn )

⊥

qf ≥ 0

(DDcf )

where q f is an N-type’s real balances held in fiat money and q b their real balances held in
cryptocurrency upon leaving the CM, qnb is the real balances in cryptocurrency spent in
the OM1 , and qab is the amount hoarded for resale purposes.
Equation (DDca ) is exactly the same as (DDa ) in Section 2, and captures N-types’
speculative demand. (DDcn ) is the counterpart of (DDn ) and captures the consumptionmotivated cryptocurrency demand of the N-types, while (DDcf ) provides the fiat money
demand by the N-types. (DDcn ) and (DDcf ) are written as complementary slackness conditions to reflect the fact that when an N-type can spend both fiat money and cryptocurrency
for consumption in the OM1 , they will only use a particular currency if the opportunity
cost of holding that currency is sufficiently low. The reason is that the marginal liquidity
value provided by either currency is now bounded above, since the consumption demand
of the N-types can be partially fulfilled by the use of the other currency. This contrasts
with the situation where a single currency serves as the sole medium of exchange in the
OM1 and the Inada conditions of the utility function lead to a positive demand for that
currency (see (DDn ) and (DDf )). Here, comparing (DDcn ) and (DDcf ), we see that q f and
qnb can only be both positive if if = ib . In this case, an N-type is indifferent to using only
fiat money, using only cryptocurrency, or using a mix of the two for consumption in the
OM1 . If if > ib , the N-types demand only cryptocurrency, while they use only fiat money
for consumption if if < ib . Contrary to Section 2, the existence of fiat money means that
it is possible for cryptocurrency to be demanded purely for speculative purposes.
The desirability of demanding each currency depends on the fixed participation costs kb
and kf , the opportunity costs ib and if , as well as the equilibrium resale probability α, which
is itself determined by the endogenous participation of the N-types in the cryptocurrency
market. In general, one of four different equilibria could emerge: no currency is demanded
in equilibrium, only fiat money is demanded, only cryptocurrency is demanded, or both
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currencies coexist. The derivation of these equilibria is provided in Appendix C. Here I
focus on the question of whether or not policy responses can effectively eliminate demand
for cryptocurrency. I thus also only consider the case where cryptocurrency is economically
viable in the absence of fiat money.
Assumption 3. The cryptocurrency participation cost is sufficiently low that in the absence of other online payment means cryptocurrency will be demanded: kb ≤ k̂b ≡ Sn (qn∗ ) +
αu θSa (qa∗ ).
The economic viability of fiat money, on the other hand, is determined as follows:
Lemma 3. Suppose cryptocurrency is absent. Given kf , there exists a nominal interest
rate threshold ihf such that fiat-based payment means is demanded if and only if if ≤ ihf ,
where ihf < 0 if kf > k̂f ≡ Sn (qn∗ ), and ihf ≥ 0 if kf ≤ k̂f .
Using Lemma 3, a financially underdeveloped country is one where ihf < 0, that is, no
matter how low the nominal interest rate is, fiat-based payment means will not exist in
equilibrium. We thus have the following definition:
Definition 2. A country is called financially underdeveloped if kf > k̂f and financially
developed if kf ≤ k̂f .
Given ib , the demand for cryptocurrency in a country depends on that country’s level of
financial development kf , its monetary policy if , and the accessibility of the cryptocurrency
exchange kb . Lemma 4 below finds the maximum opportunity cost of cryptocurrency that
consumers are willing to bear, and analyzes how this threshold is affected by the nominal
interest rate. Figure 9 provides a graphic illustration of the key results in the lemma.
ˆ

∂ ib
Lemma 4. Suppose kb ≤ k̂b . For any if ≥ 0 , there exists îb ≥ 0, where ∂k
< 0, such
b
that cryptocurrency is always demanded if ib ≤ îb . The threshold îb satisfies:

1. For all if ≥ ihf , îb is a positive constant. If ihf ≥ 0 (kf ≤ k̂f ), there exists ilf ∈ [0, ihf )
such that

∂ˆ
ib
∂if

> 0 for if ∈ [ilf , ihf ] and

∂ˆ
ib
∂if

= 0 for if ∈ [0, ilf ).

2. Without secondary trading (αu = 0), as long as kf ≤ kb , îb = 0 for all if ≤ ilf .
3. With secondary trading (αu > 0), as long as kb < αu θSa (qa∗ ), îb > 0 for all if ≥ 0;
further, limkb →0 îb = ∞.
In Lemma 4, îb captures the attractiveness of cryptocurrency. As is expected, the attractiveness of cryptocurrency is decreasing in the participation cost kf and non-increasing
in the competitive pressure represented by if . However, Lemma 4 also makes clear that
there is a limit to this competitive pressure. Not surprisingly, the competitive pressure is
absent in a financially underdeveloped country (kf > k̂f ). As illustrated in Panel (a) of
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Figure 9: Threshold opportunity cost for cryptocurrency demand
Figure 9, îb in this case is a positive constant independent of if . Intuitively, when fiatbased online payments are not economically viable even in the absence of cryptocurrency,
lowering the nominal interest rate cannot affect the attractiveness of cryptocurrency.
More interesting is the situation for a financially developed country, where the attractiveness of cryptocurrency further depends on the possibility of secondary trading. In the
absence of anonymity-seeking preference and the resulting secondary trading (αu = 0), if a
country is sufficiently financially developed, as illustrated in Panel (b) of Figure 9, îb falls
to zero when the nominal interest rate is sufficiently low (if ≤ ilf ). This means that such a
country is able to fully eliminate cryptocurrency demand by lowering their nominal interest
rate sufficiently. This is exactly the conclusion in Fernández-Villaverde and Sanches (2019)
(Propositions 9 and 10), which can be seen as a special case of the current model (αu = 0
and kf = kb = 0).
Lowering the nominal interest rate is no longer effective, however, if anonymity-seeking
preference and secondary trading are present (αu > 0). If the cryptocurrency participation
cost becomes sufficiently low (kb < αu θSa (qa∗ )), there exists a safe range of ib (marked blue
in Panel (c) of Figure 9) for which cryptocurrency will always be demanded no matter how
highly financially developed a country is (i.e. for all kf ≥ 0) and no matter how low the
nominal interest rate is (i.e. for all if ≥ 0). Even more strikingly, if the cryptocurrency
participation cost becomes negligible (kb → 0), this safe range becomes infinitely large
and cryptocurrency will always be demanded. This points to a reality that no matter
how efficient alternative payment means are and how low the nominal interest rate is,
and no matter how expensive it is to hold cryptocurrency, as long as there are anonymityseeking agents in society who are willing to purchase cryptocurrency on secondary markets,
cryptocurrency will always be demanded and cannot be competed away by fiat money.
These results highlight the importance of considering imperfect substitutability between
fiat money and cryptocurrency. Indeed, when anonymity-seeking preference and secondary
trading are taken into account, Lemma 4 suggests that the competition strategy is not
generally effective, contrary to the conclusions in previous literature. Nevertheless, the
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fact that for any if , the threshold îb is monotonically decreasing in kb means that regulating cryptocurrency trading on currency exchanges can be effective. These insights are
summarized in the next proposition.
Proposition 4. With anonymity-seeking preference, lowering the fiat money inflation rate
is generally insufficient for eliminating domestic cryptocurrency demand. However, for
any kf ≥ 0, if ≥ 0, and ib ≥ 0, there exists a unique kbu such that a sufficiently stringent
regulation that leads to kb > kbu eliminates cryptocurrency demand.

6

Optimal cryptocurrency participation cost

Section 5 has shown that raising the entry barrier to cryptocurrency exchanges can effectively eliminate cryptocurrency demand within a country. This leads to the question
of whether policy makers should attempt to eliminate cryptocurrency demand, or indeed
in terms of the model, what would be the optimal participation cost for cryptocurrency
exchanges. Abstracting away from their potential interference with monetary policy and
financial stability,18 cryptocurrencies bring both benefits and risks. On one hand, the potential of cryptocurrencies for increasing financial inclusion to the under- and unbanked,
and for improving efficiency of crossborder financial transactions should not be overlooked
(G7, 2019). As an anonymous online payment, it further increases consumption of those
with legitimate privacy concerns. On the other hand, in facilitating anonymous transactions, the threat of cryptocurrencies being exploited by malicious actors for criminal
activities is also hard to ignore. As the participation cost on the cryptocurrency exchange
varies, the demand composition of cryptocurrency changes and so does the relative benefits
and costs. This section analyzes the net welfare impact of cryptocurrency at varying levels
of kb in order to find the optimal participation cost that maximizes the overall welfare.
I assume that the social planer weighs all agents equally. To reflect the concerns that
cryptocurrency’s transactional anonymity may attract criminal activities, I assume that the
consumption of the online goods by the A-types leads to a potentially negative externality
to society. For example, while an A-type may enjoy recreational drugs purchased using
cryptocurrency, this consumption could have a negative effect on others. For concreteness
and simplicity, I make the following assumption concerning this externality.
Assumption 4. The online consumption of the A-types generates a non-positive externality E(Qa ) = eQa , where e ≥ 0 is a coefficient capturing the severity of the externality and
Qa = nσαqa is the aggregate consumption by the A-types.
18
Financial stability issues are beyond the scope of the paper. As for monetary policy, Appendix C shows
that the existence of cryptocurrency sets an upper bound on feasible nominal interest rates. However, in
the current low interest rate environment, this is unlikely to be an issue.
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For each generation of agents, the aggregate welfare is thus the discounted sum of the
CM and OM utilities of all agents, minus the externality caused by the A-types’ online
consumption.
As a benchmark, denote the welfare in the absence of cryptocurrency by W 0 . By quasilinearity of the CM preference, all agents consume the optimal amount of the numeraire
goods. The aggregate CM utility of all agents (producers and consumers each of measure
1) is thus 2 [(1 + β)(U (x∗ ) − x∗ ) + βδa]. In addition, producers always derive zero net benefit from producing and selling online goods. As for consumers, without cryptocurrency
the A-types do not consume online goods, resulting in zero OM utility and externality.
The N-types, however, consume online goods if the level of financial development is high
(kf ≤ k̂f ) and the nominal interest rate is low (if ≤ ihf ) (see Lemma 3). The overall welfare
in the absence of cryptocurrency is thus given by
n
o
W 0 = 2 [(1 + β)(U (x∗ ) − x∗ ) + βδa] + (1 − σ) · max Sn (q f,0 ) − kf , 0 ,
(22)
where q f,0 is the online consumption by an N-type using fiat money only (see (DDf )),
Sn (·) (defined in (13)) is the surplus from online consumption net of the inflation cost, and
Sn (q f,0 ) − kf ≥ 0 if kf ≤ k̂f and if ≤ ihf .
Denote the net benefit of cryptocurrency to the N-types and the A-types by Γn and
Γa , respectively. When cryptocurrency is available, the participation of the N-types on the
cryptocurrency exchange and the online consumption of the A-types both depend on the
participation cost kb . Thus, given kf , if , and ib , the net benefits Γn and Γa , the externality
E, and the overall welfare W are all functions of kb :
W(kb ) = W 0 + Γn (kb ) + Γa (kb ) − E(kb ).

(23)

The N-types participate on the cryptocurrency exchange if the net benefit of demanding
cryptocurrency is non-negative, which requires kb ≤ kbu (see Proposition 4). As in Section
3, we can distinguish between two regimes, one with a binding participation constraint
and another with a non-binding participation constraint. With kf , if , and ib given, let
the two regimes be separated by the participation cost threshold kbl so that the N-types’
participation constraint is binding if kb ∈ [kbl , kbu ], and non-binding if kb ∈ [0, kbl ).19
When the participation constraint is not binding, participating on the cryptocurrency
exchange offers a strictly positive net benefit and all N-types participate. Depending on
whether the N-types demand both currencies or only cryptocurrency, we have
h
n
oi
Γn (kb ) = (1 − σ) Sn (Iq f + qnb ) + αl θSa (qab ) − Ikf − kb − max Sn (q f,0 ) − kf , 0 , (24)
19

For the precise definition of kbu and kbl , see Corollary C.1 in Appendix C.
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where I = 1 if the N-types demand both currencies and I = 0 if they demand only
cryptocurrency. In general, there are three possible cases (see also Appendix C):

 l

b ) + S (q b ) − k ,

(1
−
σ)
α
θS
(q
if Sn (q f,0 ) < kf

a
n
b
a
n



Γn (kb ) = (1 − σ) αθSa (qab ) − kb ,
if Sn (q f,0 ) ≥ kf , q f > 0




(1 − σ) αθS (q b ) + S (q b ) − k − (S (q f,0 ) − k ) , if S (q f,0 ) ≥ k , q f = 0
a a
n n
n
n
b
f
f
(25)
When a country’s level of financial development is low or the inflation rate of its currency
is high (Sn (q f,0 ) < kf ), there is no other viable currency and the N-types’ reservation
utility is zero. If Sn (q f,0 ) ≥ kf , demanding fiat money alone generates a positive net
benefit and the N-types’ reservation utility is Sn (q f,0 ) − kf . If all N-types demand both
currencies at the same time (i.e. I = 1), (DDcf ) must hold at equality and consequently

q f + qnb = q f,0 . Thus Sn (q f + qnb ) − kf − Sn (q f,0 ) − kf cancels out. Finally, it is also
possible that all N-types demand only cryptocurrency (I = 0). This can only be rational
if Sn (qnb ) > Sn (q f + qnb ) − kf = Sn (q f,0 ) − kf so that demanding cryptocurrency alone
generates more surplus than demanding both currencies at the same time.
When the participation constraint is binding, the N-types are indifferent in participating
or not participating on the cryptocurrency exchange and Γn (kb ) = 0, which is essentially
a generalization of (FE).
Note that while the level of financial development may affect the threshold kbl and the
level of Γn (kb ), it does not affect how Γn (kb ) responds to the cryptocurrency participation
n (kb )
cost. If kb ∈ [kbl , kbu ], ∂Γ∂k
= 0 always holds. If kb < kbl , since α = αl does not change,
b
neither qnb or qab is affected by kb and thus,

∂Γn (kb )
∂kb

= −(1 − σ).

As for the net benefit to the A-types, as long as there is active participation of the
N-types (kb ≤ kbu ), Γa (kb ) is positive and given by
Γa (kb ) = σnα(1 − θ)Ŝa (qab ),

(26)

where σnα is the mass of A-types who have managed to trade on the AM, Ŝa (qab ) ≡
ua (qab ) − cqab captures an A-type’s surplus from online consumption, and 1 − θ is the share
of the surplus an A-type is able to keep. Using a similar argument as for Γn (kb ), if kb < kbl ,
∂Γa (kb )
b)
= 0 and ∂E(k
∂kb
∂kb = 0.
Figure 10 provides a graphical illustration of the welfare contribution of the two consumer types as functions of kb . To find the welfare-maximizing participation cost kb∗ ,
it appears convenient to first find the optimal participation cost within each of the two
regimes kb ∈ [0, kbl ) and kb ∈ [kbl , kbu ], before finally comparing the two “local” welfare
maxima. Denote the optimal participation cost in the non-binding participation constraint
regime by kb∗1 and in the binding participation constraint regime by kb∗2 . The next two
lemmas determine the optimal participation cost within the two regimes, respectively.
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Figure 10: Welfare contribution of the two consumer types
Lemma 5. Suppose kb < kbl and the cryptocurrency participation constraint is non-binding.
The optimal participation cost in this regime is zero, kb∗1 = 0, and the corresponding welfare
is given by W ∗1 = W 0 + Γa (kbl ) − E(kbl ) + (1 − σ)kbl .
When the N-types’ participation constraint is not binding, the participation cost does
not affect cryptocurrency demand or allocation. Consequently, a higher (lower) cost merely
translates into a lower (higher) net benefit to the N-types.
Lemma 6. Suppose kb ∈ [kbl , kbu ] and the cryptocurrency participation constraint is binding.
Given kf , if , and ib , the N-type’s AM matching probability and speculative demand are
∂qab
∂α
αl θe
∗1
∂kb > 0 and ∂kb > 0. There exist ib < (1−θ)c and
αl θe
l
∗2
∗1 ∗2
u
∗2
∗1
i∗2
b ≥ (1−θ)c such that for all ib < ib , kb = kb ; for all ib ∈ [ib , ib ], kb = kb ; and for all
∗2
∗2
l
u
ib > i∗2
b , kb is interior (kb ∈ (kb , kb )). The welfare maximum in this regime is given by
W ∗2 = W 0 + Γa (kb∗2 ) − E(kb∗2 ).

increasing in the participation cost:

When the N-types’ participation constraint is binding, welfare depends only on the net
benefit to the A-types compared to the externality caused by their aggregate consumption.
As the participation cost affects the mass of active N-types and the amount of real balances
they demand for resale purposes, finding the welfare maximum in this regime is equivalent
to balancing the trade-off between the mass of A-types that can successfully obtain cryptocurrency and the amount of online goods each successful A-type gets to consume. Given
the concavity of the utility function of each individual A-type and the convexity of the
exteranlity caused, the trade-off is further affected by the opportunity cost ib . Intuitively,
when ib is very large, each successful A-type consumes too little and their marginal private benefit outweighs the marginal externality. In this case, the local welfare maximum
is achieved by raising the participation cost to increase the N-types’ speculative demand.
When ib becomes smaller, consumption by each successful A-type is already relatively high,
so lowering kb and discouraging speculative demand is more desirable. Finally, when ib is
very low, even with kbl the speculative demand and the externality are too high. In this
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case, the local welfare maximum is achieved by a prohibitively high participation cost that
effectively shuts down the cryptocurrency exchange.
Given the two local welfare maxima, finding kb∗ boils down to comparing the two local
welfare maxima. Denote

 
∆ ≡ W ∗2 − W ∗1 = Γa (kb∗2 ) − E(kb∗2 ) − Γa (kbl ) − E(kbl ) − (1 − σ)kbl .
(27)
Since by Lemma 6 kb∗2 depends on ib , the analysis proceeds by checking the sign of ∆
for different intervals of ib . The results are summarized in the next proposition, while
the detailed analysis is presented in the proof in the appendix. As in previous sections, I
i∗1 +1
assume ηηna is sufficiently large so that ηηna ≥ i∗1b +αl θ .20
b

l
i∗1
b +α θ
∗1
ib +1

i∗1 +1

Proposition 5. Suppose ηn ≥
and ηηna ≥ i∗1b +αl θ . If the externality coefficient is
b
sufficiently low such that e ≤ ẽ, where

∗)
Sn (qn
Sa (qa∗ )


if Sn (q f,0 ) < kf
 qa∗ + αl qa∗ ,

∗
Sa (qa )
if Sn (q f,0 ) ≥ kf , q f > 0
ẽ ≡
(28)
qa∗ ,

∗
f,0

∗
)−kf )

 Sa (q∗ a ) + Sn (qn )−(Sln (q
, if Sn (q f,0 ) ≥ kf , q f = 0
q
α q∗
a

a

the optimal participation cost for cryptocurrency is always zero. If e > ẽ, there exists an
i∗b > 0 such that the optimal participation cost is zero if ib ≥ i∗b , while if ib < i∗b it is optimal
to set a participation cost higher than kbu in order to eliminate cryptocurrency demand. The
externality coefficient threshold ẽ is non-decreasing in if and kf , while i∗b is increasing in
e when e > ẽ and non-increasing in if and kf .
The result in Proposition 5 is quite striking. When all agents are weighted equally, unless the aggregate use of cryptocurrency by the A-types generates sufficiently large negative
externality, it appears always beneficial to keep the participation cost for the cryptocurrency exchange as low as possible. In this case, the benefit of financial inclusion outweighs
the negative externality of potential criminal activity, and it is particularly so when the
participation cost is low and the speculative demand by the N-types is low. Only when the
externality coefficient is high and the real balances held for resale purposes by the N-types
are high (low ib ), the damage by illicit activities outweighs the benefit of financial inclusion,
and it is welfare improving to effectively shut down the cryptocurrency exchange.
Not surprisingly, whether or not it is optimal to eliminate cryptocurrency demand depends on a country’s level of financial development and the inflation rate of their national
currency. The lower the level of financial development, the higher is the total benefit
20

In Proposition 1, η̃ ≡

il (k)+1
il (k)+αl θ

is defined using the lowest i that would lead to a binding participation

constraint for a given k. With kb allowed to vary in this section, I define η̃’s counterpart using i∗1
b , which
is the ib for which cryptocurrency is not welfare decreasing in the binding participation constraint regime
(see Lemma 6).
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of financial inclusion. Similarly, the higher the inflation rate of the national currency, the
higher the marginal benefit of financial inclusion and the lower the marginal damage caused
by the externality.

7

Conclusions

Cryptocurrencies are becoming an increasingly important presence in the global financial
landscape. This trend is further intensified by the prospect of central bank digital currencies and the emerging initiatives of privately-issued, asset-backed cryptocurrencies such as
Facebook’s Diem (formerly known as Libra) (G7, 2019).
This paper is a first step towards understanding the differences of cryptocurrencies from
conventional, government-issued money and the policy implications of these differences.
By focusing on the perceived transactional anonymity from the consumer perspective, this
paper highlights a key feature that sets cryptocurrencies apart from existing electronic payment means. Motivated by the observation that the KYC requirement of cryptocurrency
exchanges prompts anonymity-seeking users to resort to secondary markets, this paper
shows that anonymity-motivated secondary demand induces speculative hoarding and can
explain the (previously unknown) negative correlation between Bitcoin velocity and its
opportunity cost. From the policy perspective, the anonymity feature of cryptocurrency is
important. When compared to government money, anonymity of cryptocurrency renders
the two imperfect substitutes. Policy makers thus cannot render cryptocurrency obsolete
by lowering the inflation rate of government money only. Instead, regulating cryptocurrency trading on currency exchanges is necessary to fully eliminate cryptocurrency demand.
However, for the overall welfare, eliminating cryptocurrency demand is not optimal, unless
the risk of criminal use (as feared by many) is indeed great.
The insights from this paper point to a few venues of future research. Firstly, this paper
provides a micro-foundation for cryptocurrency speculation based on agents’ differences
in their anonymity preference. Speculation is reflected in resale activities on peer-to-peer
platforms between anonymity-seeking and non-anonymity-seeking agents. In reality, speculation is arguably happening to a much larger extent on cryptocurrency exchanges among
the non-anonymity-seeking agents. Based on the micro-foundation provided in this paper,
private information and different beliefs about the anonymity-seeking agents as well as the
location and ability of the non-anonymity-seeking agents to exploit off-exchange trade gains
can all lead to different valuations and trade opportunities on the exchanges. Extending
the mechanism in this direction, theoretic models can be set up to generate realistic trading
patterns observed in the data and to provide potential explanations for cryptocurrency’s
price development.
Secondly, this paper points out the trade-off associated with cryptocurrencies and provides a framework to assess their welfare impact, taking into account the different levels of
financial development. Future research helping to ballpark the size of the welfare gains or
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losses in different contexts will be much needed. For example, estimates of the welfare cost
of inflation and the adoption rate of debit and/or credit cards can be used to assess the
level of financial development and the benefit of financial inclusion. Surveys on attitudes
and data of consumers’ cookie policy choice etc. may help to assess the proportion of
consumers with strong anonymity and privacy concerns. Furthermore, analysis of darkweb marketplace usage and blockchain data, in the spirit of Chainalysis (2019), would be
valuable for estimating the extent of criminal activities associated with cryptocurrencies.
And finally, being a medium of exchange and a speculative asset are the two roles of
cryptocurrencies studied in this paper, but the ongoing Fintech influence does not stop
there. For example, over the past few years, we have seen the emergence of a fast growing
cryptocurrency loan sector. Growing from non-existence to a $10 billion industry within
three years, the pace and pattern of development in this cryptocurrency loan industry have
already raised concerns among practitioners (see Shimron, 2020). This trend, supported
by a growing blockchain ecosystem and increasing endorsement by business leaders such as
Elon Musk, suggest that privately issued digital currencies will influence ever more aspects
of our life. Future research is much needed to help us understand this evolving technology
and gauge the appropriate policy response.
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Appendices
A
A.1

Robustness checks
Spot vs. futures prices of Bitcoin

Cryptocurrency demand in the model depends on the expected opportunity cost of holding
cryptocurrency. For lack of better data, Section 4 uses the actual rate of value depreciation
computed from the Bitcoin spot price as a proxy for the expected opportunity cost of
holding Bitcoin. Although the introduction of Bitcoin futures provides a better indicator
for investor expectations, due to its rather recent introduction, the data on Bitcoin futures
prices still offers too few observations. Nonetheless, the available data on futures prices
presents an opportunity for comparison.
The Bitcoin CME futures historical price data is downloaded from Barchart. Since 18
December 2017, four futures contracts are active at each point in time, with one expiring
at the end of each of the next four months. The contract in the nearest month (i.e. the
contract that expires at the end of the current month) is the most active and has the
highest trading volume. Using these historical daily closing prices, I compute the expected
price for buying one Bitcoin one month in the future on a daily basis. This expected price
is computed as a weighted sum of the futures prices for the contract in the nearest month
and for the contract that expires at the end of the subsequent month. The expected price
of Bitcoin at monthly intervals is then calculated as a mean of all the expected prices in
that calender month. Using the average monthly spot price and the average expected price
in the same month, the expected rate of Bitcoin value depreciation is derived.
The result of my calculations is shown in Figure A.1, where the actual rate of value
depreciation from spot price is compared to the expected one calculated using the futures
price. While the two series differ in levels, they mostly co-move. As confirmed by regression
results, using spot price instead of futures price does not change the sign of the correlation
between Bitcoin velocity and its opportunity cost.

A.2

Velocity-opportunity cost correlation of Bitcoin

For a preliminary look at the two time series of Bitcon monthly velocity and rate of value
depreciation, I run the augmented-Dicky-Fuller (ADF) test for each individual series to
test for the presence of unit roots, and the Phillips-Ouliaris test (a residual-based unit
root test) for potential cointegration between the series. For both series, the ADF test
results reject the unit root hypothesis at the 1% significance level, both with and without
the time trend. When multiple lagged terms are included, unit root is still rejected at the
5% significance level. Unit root tests with multiple lags applied to the regression residuals
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Figure A.1: Expected depreciation rate using spot vs. futures prices
(based on Newey-West standard errors) of the velocity and depreciation rate series also
reject cointegration of the two series at the 1% significance level.
Figure A.2 shows a negative correlation between the two series for most of the entire
time period considered (July 2010 to Mar 2020),21 while the pattern seems somewhat
different for the months immediately after the known historical crashes (see Figure A.3).
Adjusted Cho tests confirm that these historical crashes are rather breakpoints in the
velocity-depreciation rate relationship. It thus seems reasonable to restrict the samples
to exclude the immediate aftermath of these historical crashes. In addition, while neither
the velocity nor depreciation rate series exhibit any clear trend, a cyclical pattern seems
more prominent, especially for Bitcoin’s velocity. It thus appears appropriate to remove
the cyclical components from the series. The figures in the main text are based on data
processed thus, that is, HP filtered and with three months’s data excluded for each crash,
starting from the historical high prices. For comparison, I reproduce the figure from the
main text at the monthly frequency using: the full sample of unfiltered series (Panel a of
Figure A.4), the full sample of filterred series (Panel b), and the sample excluding three
months after each historical crash of unfiltered series (Panel c). As seen in Figure A.4, the
negative correlation between Bitcoin velocity and rate of value depreciation is very robust.

B

Dynamic equilibrium

Conditional on (DDn ), (DDa ) and (FE), p+1 and i uniquely pin down each other through
(SS). This implies that a fixed price steady state exists and is unique, since the supply of
21

All available data up to March 2020 is included. Later months are excluded to avoid the effect of the
pandemic.
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50

cryptocurrency will be fixed at B̄ in the long run. The next proposition shows that the
stability of the steady state depends on the curvature of the OM utility function.
Proposition B.1. Suppose k < k̂ and ηηna ≥ η̃. There exist 1) a non-monetary steady state,
where cryptocurrency is not valued, 2) a continuum of non-stationary equilibria, where the
price of cryptocurrency converges monotonically towards zero, and 3) a unique monetary
ss
ss
u
steady state, where iss = 1−β
β and p > 0, if k ≤ G(i , α ). If ηn and ηa are sufficiently
low so that

∂p
∂p+1

∈ (0, 1) holds at the monetary steady state, the dynamic equilibrium is fully
∂p
∂p+1 ∈ (−1, 0), 4)
that ∂p∂p < −1, there
+1

characterized by the above three possibilties; if ηn and ηa are large so that
a two-period cycle arises in addition; if ηn and ηa are very large so

further exists 5) a continuum of non-stationary equilibria that converge non-monotonically
towards the monetary steady state.
Proof of Proposition B.1 . Since the cryptocurrency supply is constant at B̄ in the long
run, a steady state must be a stable price steady state with a constant pss . At the steady
ss
u
state, iss = 1−β
β . If k ≤ G(i , α ), the existence and uniqueness of the stable price steady
state is immediate.
For local stability, from (11) we have
sition 1

∂i
∂p+1

< 0 holds. Thus,

∂p
∂p+1

<
ss

∂p
∂p+1

=

p
p+1

p
p+1

+ βp+1 ∂p∂i and by the proof of Propo+1

= 1. Using (D.9) and (SS), we have
ss
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p
βB ∂n cq
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q ηa (i + αθ) i
q ηn (1 + i)
q ηa (i + αθ)
αθŜa
∂n
and Ŝa is defined in (D.8). Further, from the proof of Proposition 1, we
where n,α ≡ αn ∂α
∂q
have ∂i ≤ 0 and thus
icq
qn ηa (i + αθ)
≤1+
.
qa ηn (i + 1)
αθŜa

h
For concreteness, suppose −n,α −
∂p
∂p+1
∂p
∂p+1
22

≥ 0 holds.22 Then

> 1 − β(1 + iss )ηa = 1 − ηa ,
ss
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< 0 is similar. In this case, 1−β
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where the last inequality sign follows from αθ < 1 and
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Clearly, if ηa < 1 (and thus ηn < 1 must also hold), then
hand, ηn is large (and thus ηa is also large), then

∂p
∂p+1

possible. Thus depending on the values of ηn and ηa ,
∂p
∂p+1

> 0. That is, we have

∂p
∂p+1

∈ (0, 1). If, on the other
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< 0 or even
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Figure B.1: Phase diagrams

The characterization of the dynamic equilibrium in Proposition B.1 is similar to Rocheteau and Wright (2013), who illustrate the many different types of dynamics that can
occur in a search-theoretic model of asset demand.23 The results of Proposition B.1 are
illustrated in the phase diagrams in Figure B.1. While hyper-inflationary paths towards
the non-monetary steady state are always possible, if the relative risk aversions of the two
types of agents are low, the monetary steady state can be saddle-point stable. In this case,
once the supply of cryptocurrency has reached its maximum, the economy must immediately be at the steady state. By backward induction, even as the supply of cryptocurrency
is still growing, since the entire supply path is exogenous and known to all agents, there is
a unique, monetary equilibrium path, corresponding to the exogenous supply path of cryptocurrency. When the relative risk aversion parameters of the two types of agents become
larger, indeterminacy arises. Depending on whether ∂p∂p > −1 or ∂p∂p < −1 holds, either
+1
+1
two-period cycles or non-monotonic convergence towards the monetary steady state arise.
In light of the many possible types of dynamic equilibria, the variation in the opportunity
costs i considered in the main text can adopt different interpretations. For example, it may
23

In fact, as Rocheteau and Wright (2013) show, when agents’ relative risk aversion becomes very large,
periodic equilibria of a higher order, including three-cycles, can emerge.
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be interpreted in the context of a noisy steady state, where realizations of certain parameter
shocks lead to different realizations of the steady state i. It may also be interpreted as a
deterministic cycle, where the equilibrium i fluctuates among states. In any case, since it
is not the purpose of this paper to explain where this fluctuation comes from and it is not
important for the results, treatment of the dynamic equilibrium is omitted.

C

Competition between cryptocurrency and fiat money

This appendix solves a slightly more general version of the model presented in Section 5.
Here fiat-based payment cards and cryptocurrencies can have different acceptance rates.
In particular, fiat money is accepted with certainty in the OM1 , while cryptocurrency is
accepted by a subset of producers, resulting in a probability 0 < µ ≤ 1 of meeting a
producer that accepts the cryptocurrency. This reflects the reality to date that fiat money
based payment cards are still much more common than cryptocurrency.
The N-types face the decisions of which currency market to participate in and how much
of the currency to demand in that market. This can be interpreted as a decision of choosing
from different currency portfolios. Taking kf , kb , if , ib and α as given, an individual Ntype chooses from four possible currency portfolios: 0) having neither currency, 1) having
only fiat money, 2) having only cryptocurrency, and finally, 3) having both currencies. I
use superscript 0 to 3 to denote the four different portfolios. Finding out which currency
will be demanded in equilibrium then boils down to comparing the payoffs of the different
currency portfolios.
Currency portfolios For portfolios 1 to 3, the currency demand satisfies the following:
portfolio 1:
portfolio 2:

portfolio 3:

u0n (q 1f )
−1
c
 0 2b

ua (qa )
u0a (q 2b )
+ (1 − µ)
−1
ib = αθ µ
c
c
 0 2b

 0 2b

un (qn )
ua (q )
ib = µ
− 1 + (1 − µ)αθ
−1
c
c
u0 (q 3f + qn3b )
u0 (q 3f )
if = µ n
+ (1 − µ) n
−1
c
c
 0 3b

ua (qa )
u0a (q 3b )
ib = αθ µ
+ (1 − µ)
−1
c
c
 0 3f

 0 3b

u (q + qn3b )
u (q )
ib ≥ µ n
− 1 + (1 − µ)αθ a
− 1 ⊥ qn3b ≥ 0
c
c
if =

(C.1)
(C.2)
(C.3)
(C.4)
(C.5)
(C.6)

where ib is the opportunity cost of holding cryptocurrency, if is the nominal interest rate,
superscripts f and b indicate the type of currency demanded, and subscripts n and a
indicate the type of consumers the cryptocurrency real balances are allocated to.
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Equations (C.2) and (C.5) are derived the same way as (DDa ) in Section 2, and can be
interpreted as the speculative demand of the N-types. Different from (DDa ), the amount
of cryptocurrency an A-type can purchase from an N-type depends on whether or not the
N-type has met a producer who accepts cryptocurrency in the OM1 .
(C.3) and (C.6) are the counterparts of (DDn ) in Section 2, again taking into account the
possbility of meeting a producer that accepts cryptocurrency in the OM1 . (C.6) is written
as a complementary slackness condition to reflect the fact that the marginal liquidity
services provided by cryptocurrency in the OM1 are bounded above by the amount of
fiat money an N-type has. Only when the opportunity cost of holding cryptocurrency is
sufficiently low, will the N-types start using cryptocurrency for their own consumption.
Thus as long as if ≤ ib , qn3b = 0 and the cryptocurrency demand is purely speculative.
This contrasts a situation where cryptocurrency is the sole medium of exchange on OM1
(i.e. in Portfolio 2). In this case, (C.6) will be the same as (C.3), which holds at equality
for any ib ≥ 0 due to the Inada conditions of the utility function.
(C.4) provides the demand of fiat money by the N-types. The right hand side represents
the expected marginal liquidity service provided by fiat money, taking the probability of
spending both currencies into account.
Comparing currency demand across portfolios, it is easily verified that
(
qn3b = 0, q 3f = q 1f ,

if if ≤ ib

q 3f < q 1f < q 3f + qn3b , if if > ib

(C.7)

and further
q 3b < q 2b ,

lim q 3b = q 2b .

if →∞

(C.8)

Given the fixed participation costs kb and kf , the desirability of each currency portfolio
depends on the opportunity costs ib and if as well as the equilibrium resale probability α,
which is itself a result of the endogenous participation of the N-types in the cryptocurrency
market. For an individual N-type, the payoff for each of the four portfolios is:
Ω0
1

=0

Ω (if )

= −kf + Sn (q 1f )

Ω2 (ib , α)

h
i
= −kb + µSn (qn2b ) + αθ µSa (qa2b ) + (1 − µ)Sa (q 2b )

h
i
Ω3 (if , ib , α) = −kf − kb + (1 − µ)Sn (q 3f ) + µSn (q 3f + qn3b ) + αθ µSa (qa3b ) + (1 − µ)Sa (q 3b ) .
Since q 3f ≤ q 1f and q 3b < q 2b , by concavity of Sn (·) and Sa (·) (see (13)), we have
Ω3 < Ω1 + Ω 2 .
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(C.9)

Further, if if ≤ ib and thus qn3b = 0, Ω3 (if , ib , α) reduces to:
h
i
Ω3 (if , ib , α) = −kf − kb + Sn (q 3f ) + αθSa (q 3b ) = Ω1 + −kb + αθSa (q 3b ) .

(C.10)

Payoff comparison In the (if , ib ) space, comparing the payoffs of the different portfolios
boils down to finding out when the payoff functions intersect and thus make an N-type
indifferent between different portfolios. To start, the next lemma gives the monotonicity
property of the payoff functions.
Lemma C.1. For any α ∈ [αl , αu ],
∂Ω2
∂ib

< 0,

∂Ω3
∂ib

∂(Ω2 −Ω3 )
∂ib

< 0, and

∂Ω1
∂if

< 0,

∂Ω3
∂if

< 0, and

0, and

≤ 0; similarly,

∂Ω1
∂if

∂Ω3
∂if

< 0.

Proof of Lemma C.1. Using (C.1)-(C.6), it is easily verified that
∂Ω3
∂ib

∂(Ω1 −Ω3 )
∂if

< 0,

< 0,

∂Ω2
∂ib

<

< 0 hold.

If if ≤ ib , we have qn3b = 0 and

∂q 3b
∂if

=

3b
∂qn
∂if

=

∂qa3b
∂if

= 0. It follows that

∂Ω3
∂if

= −cq 3f .

If if > ib , given ib , total differentiating equations (C.4)-(C.6) with respect to if gives:
c = µu00n (q 3f + q 3b )
0 = αθµu00a (qa3b )
µu00n (q 3f + q 3b )

∂(q 3f + qn3b )
∂q 3f
+ (1 − µ)u00n (q 3f )
∂if
∂if

∂qa3b
∂q 3b
+ αθ(1 − µ)u00a (q 3b )
∂if
∂if

∂q 3b
∂(q 3f + qn3b )
= αθµu00a (qa3b ) a .
∂if
∂if

It follows that
∂Ω3
∂q 3f
∂(q 3f + qn3b )
= − (1 − µ)q 3f u00n (q 3f )
− µ(q 3f + qn3b )u00n (q 3f + q 3b )
∂if
∂if
∂if
∂qa3b
∂q 3b
− αθ(1 − µ)q 3b u00a (q 3b )
∂if
∂if
h
i
∂(q 3f + qn3b ) 3f
+ µu00n (q 3f + q 3b )
q − q 3f − qn3b − qa3b + q 3b
∂if

− αθµqa3b u00a (qa3b )
= − cq 3f

= − cq 3f .
Consequently, we have
∂(Ω1 − Ω3 )
= −cq 1f + cq 3f ≤ 0,
∂if
where the inequality follows from (C.7) and is strict if if > ib .

47

Similarly, for a given if , we have

∂Ω2
∂ib

= −cq 2b and

∂Ω3
∂ib

= −cq 3b . Consequently, we have

∂(Ω2 − Ω3 )
= −cq 2b + cq 3b < 0,
∂ib
where the inequality follows from (C.8).
The monotonicity property in Lemma C.1 allows us to find the threshold levels of if
and ib , at which the payoff functions of different portfolios intersect. Of particular interest
is the opportunity cost threshold above which a particular currency is no longer demanded,
meaning that any portfolio containing that currency offers a lower payoff than an alternative
portfolio without that currency. These opportunity cost thresholds are provided in Lemma
C.2. To proceed, I introduce the following notation that are used in the lemma and its
proof. I use the subscripts b and f to denote the currency that the threshold rate applies
to, the superscript to denote which two portfolios should be equal at the threshold, while
an upper bar indicates that the threshold holds at α = αu and a lower bar indicates that
the threshold holds at α = αl . Thus, for example, ī13
b is the threshold rate of ib , at which
is the threshold rate
the payoff of portfolios 1 and 3 will be equal, when α = αu , while i23
¯fl
of if , at which portfolios 2 and 3 give the same payoff, when α = α .
Lemma C.2. There exist îb and îf given by
02
13
îb ≡ min{max{ī12
b , īb }, īb }

(C.11)

01
32
min{max{i21
f , if }, if }

(C.12)

îf ≡

¯

¯

such that cryptocurrency is not demanded if ib > îb and fiat money is not demanded if
if > îf . Further, îb and îf satisfy
∂ îb
∂ îb
∂ îb
≥ 0,
< 0,
≥ 0, lim îb = ∞, lim îb ≤ 0
kb →0
∂if
∂kb
∂kf
kb →k̂b
u

(C.13)

∂ îf
∂ îf
∂ îf
≥ 0,
≥ 0,
< 0, lim îf = ∞, lim îf ≤ 0
kf →0
∂ib
∂kb
∂kf
kf →k̂f

(C.14)

α >0

where k̂f ≡ Sn (qn∗ ) and k̂b ≡ µSn (qn∗ ) + αu θSa (qa∗ ).
Proof of Lemma C.2. The following results follow directly from Lemma C.1:
(R1) Portfolio 0 vs. Portfolio 1
1
01
Since ∂Ω
∂if < 0, there exists if ∈ R such that
Ω1 (if ) < 0 if if > i01
f ,
where:

∂i01
f
∂kf

< 0,

lim i01
f = ∞,

kf →0
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Ω1 (if ) ≥ 0 if if ≤ i01
f ,
lim i01
f = 0.

kf →k̂f

(C.15)
(C.16)

(R2) Portfolio 0 vs. Portfolio 2:
2
∂Ω2
02
02
Since ∂Ω
i02
b < īb such that
∂ib < 0 and ∂α > 0, there exist īb ∈ R and ¯
Ω2 (ib , αu ) < 0 if ib > ī02
b ,
2

l

Ω (ib , α ) < 0 if ib >
where:

∂ ī02
b
∂kb

< 0,

∂ i02
¯b < 0,
∂kb

i02
b

2

lim ī02
b = ∞,
= ∞,

l

Ω (ib , α ) ≥ 0 if ib ≤

,

¯

kb →0

lim i02
b
kb →0 ¯

Ω2 (ib , αu ) ≥ 0 if ib ≤ ī02
b ,
i02
b

¯

,

(C.17)
(C.18)

lim ī02
b = 0,

(C.19)

lim i02
b < 0.
kb →k̂b ¯

(C.20)

kb →k̂b

(R3) Portfolio 1 vs. Portfolios 2 and 3 at α = αu :
(a) Given if , since

∂Ω2
∂ib

< 0, there exists ī12
b ∈ R such that

Ω1 (if ) > Ω2 (ib , αu ) if ib > ī12
b ,
where:

02
ī12
b > īb
∂ ī12
b

∂if

(b) Given if , since

> 0,

∂Ω3
∂ib

if if >
∂ ī12
b
∂kf

i01
f ,

> 0,

< 0 and

Ω1 (if ) ≤ Ω2 (ib , αu ) if ib ≤ ī12
b ,
ī12
b
12
∂ īb
∂kb

∂(Ω1 −Ω3 )
∂if

≤

ī02
b

< 0,

if if ≤

i01
f

(C.21)

(see (C.15)) , (C.22)

lim ī12
b = ∞.

kb →0
if ≥i01
f

(C.23)

≤ 0, there exists ī13
b ∈ R such that

Ω1 (if ) ≤ Ω3 (if , ib , αu ) if ib ≤ ī13
Ω1 (if ) > Ω3 (if , ib , αu ) if ib > ī13
b , (C.24)
b ,


13
13
13
∂ īb
∂ ī
∂ ī
where:
≥ 0 > 0 if if > ib , b = 0, b < 0, lim ī13
b = ∞, (C.25)
kb →0
∂if
∂kf
∂kb
u
α >0

ī13
b

> 0 if if = 0 and kb < α

u

θSa (qa∗ )

(C.26)

02
From (C.9) ī13
b < īb follows. Using (C.15) and (C.22), we further have
13
02
3
2
01
12 13
02
01
max{ī12
b , īb } > īb , Ω < Ω if if > if ; max{īb , īb } ≤ īb if if ≤ if . (C.27)

(R4) Portfolio 2 vs. Portfolios 1 and 3 at α = αl :
(a) Given ib , since

∂Ω1
∂if

< 0, there exists i21
∈ R such that
¯f

Ω2 (ib , αl ) > Ω1 (if ) if if > i21
,
Ω2 (ib , αl ) ≤ Ω1 (if ) if if ≤ i21
,
(C.28)
¯f
¯f
21
01
02
21
01
02
where: if ≤ if if ib ≤ ib ,
i > if if ib > ib (see (C.18)) , (C.29)
¯
¯
¯f
¯
21
21
∂ i21
∂
i
∂
i
¯f > 0,
¯f < 0,
¯f > 0,
(C.30)
lim i21
f = ∞.
kf →0 ¯
∂ib
∂kb
∂kf
ib ≥i02
¯b
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(b) Given ib , since

∂(Ω2 −Ω3 )
∂ib

< 0 and

∂Ω3
∂if

< 0, there exists i23
∈ R such that
¯f

Ω2 (ib , αl ) > Ω3 (if , ib , αl ) if if > i23
,
¯f

Ω2 (ib , αl ) ≤ Ω3 (if , ib , αl ) if if ≤ i23
,
¯f
(C.31)

∂ i23
∂ i23
∂ i23
f
f
f
¯
¯
where:
> 0,
= 0, ¯ < 0, lim i23
f = ∞.
kf →0 ¯
∂ib
∂kb
∂kf

(C.32)

(Note: Ω2 (0, αl ) < Ω3 (if , 0, αl ) if kf = 0.)
From (C.9) i23
< i01
f follows. Using (C.18) and (C.29), we further have
¯f
3
1
02
21 23
01
02
max{i21
, i23 } > i01
f , Ω < Ω if ib > ib ; max{if , if } ≤ if if ib ≤ ib . (C.33)
¯f ¯f
¯ ¯
¯
¯

Given if and ib , cryptocurrency will not be demanded if
max{Ω0 , Ω1 (if )} > max{Ω2 (ib , αu ), Ω3 (if , ib , αu )}

(C.34)

since any portfolio with cryptocurrency is strictly dominated by a portfolio without it
for any α ≤ αu . If if > i01
f , from (C.15) and (C.27) it follows that (C.34) is equivalent
1
2
u
to 0 > Ω (ib , α ). On the other hand, if if ≤ i01
f , (C.34) is equivalent to Ω (if ) >
2
u
3
u
max{Ω (ib , α ), Ω (if , ib , α )}. Using (C.21), (C.24), and (C.27), (C.34) is thus equivalent
to ib > îb , where
(
01
13
ī02 < max{ī12
b , īb }, if if > if
(C.35)
îb = b
01
02
13
max{ī12
b , īb } ≤ īb , if if ≤ if
which is equivalent to (C.11). The property (C.13) follows from (C.19), (C.23), and (C.25).
Similarly, given if and ib , fiat money will not be demanded if
max{Ω0 , Ω2 (ib , αl )} > max{Ω1 (if ), Ω3 (if , ib , αl )}

(C.36)

since any portfolio with fiat money is strictly dominated by a portfolio without it for
any α ≥ αl . If ib > ī02
b , from (C.18) and (C.33) it follows that (C.36) is equivalent
2
l
to 0 > Ω1 (if ). On the other hand, if ib ≤ i02
b , (C.36) is equivalent to Ω (ib , α ) >
¯
max{Ω1 (if ), Ω3 (if , ib , αl )}. Using (C.28), (C.31), and (C.33), (C.36) is thus equivalent
to if > îf , where
(
i01 < max{i21
, i23 }, if ib > ī02
b
¯f ¯f
îf = f
(C.37)
23 } ≤ i01 , if i ≤ ī02
max{i21
,
i
b
b
f
f
f
¯ ¯
which is equivalent to (C.12). The property (C.14) follows from (C.16), (C.30) and (C.32).

Intuitively, Lemma C.2 states that a currency will not be demanded in equilibrium, if
the highest-payoff portfolio containing that currency is dominated by the relevant outside
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ib

îf

O2

ī02
b

O1

Nonmonetary
ī12
b

Fiat only
ī13
b

îb

(C1)
ī23
f

(C2)
ī13
b
i02
b

(C2)
speculative

i21
f

O4

Conexistence region
i31
f
(C3)

O3

i23
f

Crypto only
i01
f

if

C1: Coexistence of portfolios 1 and 2; C2: Portfolios 1 and 3; C3: Only portfolio 3.

Figure C.1: Coexistence of fiat money and cryptocurrency
option. Since the endogenous participation decision of the N-types affects the resale probability of cryptocurrency and thus the payoff of holding cryptocurrency, the comparison of
the payoffs further takes into account the effect of endogenous participation. If the highestpayoff portfolio containing cryptocurrency is dominated by the outside option even when
α = αu , then in no equilibrium will cryptocurrency be demanded. On the other hand, if
the highest-payoff portfolio containing fiat money is dominated by the outside option when
α = αl , then it is also dominated by the outside option for all α ≥ αl . Within the boundary
of îf and îb , however, it is possible that an equilibrium emerges with α ∈ (αl , αu ) where
both fiat money and cryptocurrency are demanded.
Equilibrium Using Lemma C.2, the next proposition characterizes possible equilibria in
the (if , ib ) space, while Figure C.1 provides a graphical illustration of the result.
Proposition C.1. Given kf ≥ 0 and kb ≥ 0, if if > îf and ib > îb , neither currency is
demanded and there is a non-monetary equilibrium; if if ≤ îf and ib > îb , only fiat money
will be demanded; if if > îf and ib ≤ îb , only cryptocurrency will be demanded; and finally,
if if ≤ îf and ib ≤ îb , both currencies are demanded. Further, within the coexistence
region, either there is partial participation (α > αl ) and individual N-types are indifferent
between the fiat-only portfolio (portfolio 1) and a cryptocurrency portfolio (portfolio 2 or
3), or there is full participation (α = αl ) and all N-types hold portfolio 3.
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Proof of Proposition C.1. In this proof I show that both currencies will be demanded in
equilibrium, if if ≤ îf and ib ≤ îb . The other three cases stated in the proposition are
obvious.
Within the coexistence region, Ω1 ≥ 0 always holds. Further, from (C.35) and (C.37),
in the coexistence region, if and ib are such that the following holds:
Ω1 (if ) ≤ max{Ω2 (ib , αu ), Ω3 (if , ib , αu )} ∧ Ω2 (ib , αl ) ≤ max{Ω1 (if ), Ω3 (if , ib , αl )},
from which we can distinguish between two cases24
1. max{Ω2 (ib , αl ), Ω3 (if , ib , αl )} ≤ Ω1 (if ) and max{Ω2 (ib , αu ), Ω3 (if , ib , αu )} ≥ Ω1 (if ) ,
2. max{Ω2 (ib , αl ), Ω3 (if , ib , αl )} > Ω1 (if ) and max{Ω2 (ib , αu ), Ω3 (if , ib , αu )} > Ω1 (if ) .
Given kf , kb , if and ib , it is easily verified that max{Ω2 (ib , α), Ω3 (if , ib , α)} is continuous
and monotonically increasing in α, while Ω1 (if ) is constant in α. We thus have:
 In Case 1, max{Ω2 (ib , α), Ω3 (if , ib , α)} and Ω1 (if ) have a unique intersection at α∗ ∈
[αl , αu ]. For all α ∈ (α∗ , αu ], all preferred portfolios include cryptocurrency and more
N-types become active until in equilibrium, α = α∗ and individuals are indifferent
between portfolio 1 and the cryptocurrency portfolio that generates a higher payoff
(portfolio 2 or 3).
 In Case 2, max{Ω2 (ib , α), Ω3 (if , ib , α)} > Ω1 (if ) for all α ∈ [αl , αu ]. All preferred
portfolios include cryptocurrency for all α ∈ [αl , αu ]. All N-types are active in the
cryptocurrency market (α = αl ) and in equilibrium, only portfolio 3 is demanded.

Figure C.2 demonstrates examples for the two cases: panels (a) and (b) for Case 1, and
panel (c) for Case 2.
Figure C.1 provides a graphical illustration of the different equilibria for the case of
kf < k̂f and kb < k̂b . The two upper bounds îb and îf mark the boundary for a region
in the (if , ib ) space, where neither currency is strictly dominated by the relevant outside
option. For any given if , îb (red line) marks the upper bound for the opportunity cost of
holding cryptocurrency, while for any given ib , îf (blue line) marks the upper bound for the
opportunity cost of holding fiat money. It is only when the opportunity costs of holding the
two currencies fall in this region that the two can coexist. Within the coexistence region,
endogenous participation of the N-types ensures that there is an equilibrium AM matching
probability α ∈ [αl , αu ] such that agents either are indifferent between portfolios 1 and 2
(C1 in Figure C.1), between portfolios 1 and 3 (C2), or strictly prefer portfolio 3 (C3).
24
Note that max{Ω2 (ib , αl ), Ω3 (if , ib , αl )} = Ω3 (if , ib , αl ). Thus if max{Ω2 (ib , αl ), Ω3 (if , ib , αl )} >
Ω1 (if ), then max{Ω2 (ib , αu ), Ω3 (if , ib , αu )} ≥ Ω3 (if , ib , αu ) > Ω3 (if , ib , αl ) > Ω1 (if ) holds in Case 2.
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α
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α

(c) only portfolio 3

Figure C.2: Equilibrium portfolio demand in the coexistence region
The fact that the upper bound îf depends on ib shows that the existence of cryptocurrency constrains the central bank’s interest rate setting, reminiscent of the finding
in Fernández-Villaverde and Sanches (2019) and Benigno (2019). The possibility of fiat
money being the only currency demanded in equilibrium, however, means that it is in
principle possible to eliminate cryptocurrency demand. To do so, Section 5 shows that
lowering if is not always effective, but raising kb is.
Finally, Proposition C.1 gives rise to the following corollary:
Corollary C.1. Given kf , if , and ib , there exist kbu and kbl given by
kbu ≡ max{Ω3 (if , ib , αu ), Ω2 (ib , αu )} + kb − max{Ω1 (if ), 0},

(C.38)

kbl ≡ max{Ω3 (if , ib , αl ), Ω2 (ib , αl )} + kb − max{Ω1 (if ), 0},

(C.39)

such that cryptocurrency is demanded if and only if kb ≤ kbu . In addition, the N-types’
participation constraint is binding if kb ∈ [kbl , kbu ], and non-binding if kb < kbl .

D
D.1

Proofs
Proof of Lemma 1

Given α, i uniquely pins down qn ∈ [0, qn∗ ] and qa ∈ [0, qa∗ ] from (DDn ) and (DDa ). It
follows that G(i, α) is decreasing in i but increasing in α ( ∂G(i,α)
< 0 and ∂G(i,α)
> 0). We
∂i
∂α
have:
0 = G(∞, αl ) = G(∞, αu ) < G(0, αl ) < G(0, αu ) = k̂.
(D.1)
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For any k ∈ [0, k̂], by (D.1) and by the continuity and monotonicity of G(i, α) there
exists an iu (k) ≥ 0 such that G(iu (k), αu ) = k. In addition, there exist il (k) ∈ [0, iu (k)]
and αm (k) ∈ [αl , αu ) such that G(il (k), αm (k)) = k, where
(
il (k) ≥ 0, αm (k) = αl

if k ≤ G(0, αl ),

il (k) = 0, αm (k) > αl

if k > G(0, αl ).

For any i > iu (k), G(i, α) < G(iu (k), αu ) = k for all α so there is no active participation;
for any i ∈ [0, il (k)) (only possible if il (k) > 0), G(i, α) > G(il (k), αl ) = k for all α so the
participation constraint is non-binding. For any i ∈ [il (k), iu (k)], we have G(i, αm (k)) <
k < G(i, αu ) and again by the continuity and monotonicity of G(i, α), there exists one
unique α ∈ [αm (k), αu ] such that G(i, α) = k holds.
To summarize, for any i ∈ [0, iu (k)], we can find a unique α ∈ [αl , αu ] such that (DDn ),
(DDa ), and (FE) hold at the same time. If i ∈ [il (k), iu (k)], (FE) holds at equality
(binding participation constraint) and if i ∈ [0, il (k)), α = αl (FE) holds as an inequality
(non-binding participation constraint).

D.2

Proof of Proposition 1

Existence
For the proof of existence, I show that for any p+1 ≤ p̂(k), at least one candidate equilibrium
also satisfies (SS) and is thus a monetary equilibrium.
For (FE) to hold we must have G(i, α) ≥ k. Since i ≥ 0, we have α ≥ ᾰ, where
ᾰ =

(
arg{G(0, α) = k} ∈ [αl , αu ],

if k ∈ [G(0, αl ), G(0, αu )]
if k < G(0, αl )

αl ,

(D.2)

Let n̂ be the corresponding market tightness, that is, ᾰ = α(n̂) (see (6)). From (SS) it
follows that cryptocurrency market clearing requires p+1 ≤ p̂(k), where
p̂(k) =

cσn̂(qn∗ + qa∗ )
.
βB

(D.3)

For any p < p̂(k), again since qj ≤ qj∗ (j ∈ {n, a}), cryptocurrency market clearing
requires that n ≥ n̆, where n̆ is given by:
n̆ ≡

βp+1 B
cσ(qn∗ + qa∗ )

Let α̂ ≡ α(n̆). Clearly, n̆ ∈ [0, n̂] and thus α̂ ∈ [ᾰ, αu ].
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(D.4)

For both (FE) and (SS) to hold, we must have α ∈ [ᾰ, α̂]. In the spirit of Lemma 1,
define iu and il by
G(iu , α̂) = G(iu , α(n̆)) = k, G(il , ᾰ) = G(iu , α(n̂)) = k.
Clearly, since α̂ ≥ ᾰ and G(0, ᾰ) ≥ 0 (see (D.2) ), we have iu ≥ 0. If k ∈ [G(0, αl ), G(0, αu )],
il = 0; if k < G(0, αl ), il > 0. By the same logic as in the proof of Lemma 1, given k, a
unique candidate equilibrium (satisfying (DDn ), (DDa ), and (FE)) exists for each i ≤ iu .
Define
P (i) ≡


h
i
cσn α(i) qn (i) + qa (i, α(i))
βB

,

(D.5)

where (i, α(i), qn (i), qa (i, α(i)) is a candidate equilibrium corresponding to i.
If k ∈ [G(0, αl ), G(0, αu )], we have iu ≥ 0, il = 0, and
cσn̆ [qn (iu ) + qa (iu , α̂)]
≤ p+1
βB
cσn̂(qn∗ + qa∗ )
= p̂(k) ≥ p+1 .
P (il ) =
βB

P (iu ) =

By continuity of P (i), there exists an i ∈ [il , iu ] such that P (i) = p+1 . Thus, there exists
a candidate equilibrium that also satisfies (SS), that is, a monetary equilibrium with a
binding participation constraint exists.
If k < G(0, αl ), ᾰ = αl , il > 0 and P (il ) < p̂(k). If p+1 ≤ P (il ), by similar argument
as before, a monetary equilibrium with i ∈ [il , iu ] and a binding participation constraint
exists. If p+1 > P (il ), G(i, αl ) > G(il , αl ) > k holds for all i ∈ [0, il ) so any monetary
equilibrium with i < il features a non-binding participation constraint. Given n = 1−σ
σ ,
(DDn ) and (DDa ) uniquely pin down qn and qa . Given p+1 < p̂(k), there exists a unique
i < il that solve (DDn ), (DDa ), and (SS) simultaneously. That is, a unique monetary
equilibrium with a non-binding constraint exits.
Uniqueness
To show the uniqueness, I show that given k, if ηηna ≥ η̃, ∂P∂i(i) < 0 holds at any candidate
equilibrium. I will start by stating and proving the following lemma.
Lemma D.1. For any monetary equilibrium in which (FE) holds at equality, we have:
1
∂α
cq
=
∂i
θŜa (qa )
"
#
∂qa
c
icq
=
1−
,
∂i
αθu00a (qa )
αθŜa (qa )
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(D.6)
(D.7)

where Ŝj (qj ) is the total consumption surplus of type j defined as
Ŝj (qj ) ≡ uj (qj ) − cqj ,

j ∈ {n, a}.

(D.8)

Proof of Lemma D.1. Total differentiating both sides of (DDa ) with respect to i, we have
 0

ua
∂α
u00 ∂qa
1=θ
−1
+ αθ a
c
∂i
c ∂i
Total differentiating both sides of (FE) with respect to i, we have
0 = −cqn − αθqa u00a
Combining the two equations and solving for

∂qa
∂α
+ θSa
∂i
∂i

∂α
∂i

and

∂qa
∂i

gives (D.6) and (D.7).

Now back to the proof of Proposition 1. From (D.5), we have:


∂P (i)
cσ
∂n ∂α
∂qn
∂qa
=
q
+n
+n
∂i
βB ∂α ∂i
∂i
∂i

(D.9)

1. Non-binding participation constraint
With a non-binding participation constraint, (DDa ) is given by
 0

ua (qa )
i = αl θ
−1 ,
c
and thus

∂qa
∂i

< 0. And since

∂qn
∂i

< 0 (see (DDn )) and n =

1−σ
σ ,

(D.9) is equal to



c(1 − σ) ∂qn ∂qa
∂P (i)
=
+
< 0.
∂i
βB
∂i
∂i
2. Binding participation constraint
I show that if ηηna ≥ η̃, ∂q
∂i ≤ 0 must hold. With a binding participation constraint,
(FE) holds at equality. Thus:
∂k
∂qn
∂qa
∂α
= −qn u00n (qn )
− αθqa u00a (qn )
+ θSa (qa )
= 0,
∂i
∂i
∂i
| {z ∂i}
>0 (Lemma D.1)

∂qa
00
n
which requires −qn u00n (qn ) ∂q
∂i − αθqa ua (qn ) ∂i < 0.
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(D.10)

Suppose

∂q
∂i

> 0. Then

∂qa
∂i

n
> − ∂q
∂i . Thus:



ηa αθu0a (qa )
1−
−
>
∂i
∂i
∂i
ηn u0n (qn )


∂qn
∂qa
∂qn
ηa i + αθ
⇒ −qn u00n (qn )
− αθqa u00a (qn )
> −qn u00n (qn )
1−
,
∂i
∂i
ηn i + 1
|
{z ∂i}
∂qa
αθqa u00a (qn )

∂qn
−qn u00n (qn )

∂qn
−qn u00n (qn )

<0

i+αθ
n
where ∂q
∂i < 0 follows from (DDn ). It is easily verified that i+1 is increasing in
ηa 1
l
u
i. Thus if ηηna ≥ η̃, then ηηna i+αθ
i+1 ≥ ηn η˜ ≥ 1 for all i ∈ [i (k), i (k)]. Consequently,
∂qn
∂qa
00
00
l
u
1 − ηηna i+αθ
i+1 ≤ 0 and −qn un (qn ) ∂i − αθqa ua (qn ) ∂i > 0 for all i ∈ [i (k), i (k)], which
results in a contradiction.

Therefore, as long as

D.3

ηa
ηn

≥ η̃,

∂q
∂i

≤ 0 must hold. From (D.9), we then have

∂P (i)
∂i

< 0.

Proof of Lemma 2

The fact that α increases with i is immediate from the left panel of Figure 2, and is formally
proved in Lemma D.1. I show in this proof the effect of higher i on h and s.
Combining (D.7) and (DDn ), we have:
∂qa ∂i
u00 (qn ) k − (un (qn ) − cqn )
u00 (qn ) k − Ŝn (qn )
∂qa
=
= n 00
= n 00
,
∂qn
∂i ∂qn
αθua (qa ) αθ (ua (qa ) − cqa )
αθua (qa ) αθŜa (qa )
qa ,qn ≡

ηn u0n (qn ) k − Ŝn (qn )
qn ∂qa
=
,
qa ∂qn
ηa αθu0a (qa ) αθŜa (qa )

(D.11)
(D.12)

where Ŝj (j ∈ {n, a}) are defined in (D.8). Using (D.11), we have




∂h
qa qa ∂qa ∂qn
qa ∂qn qn ∂qa
1 ∂qa
ch(1 − h)
=
− 2− 2
= 2
−1 =
(1 − qa ,qn ) .
∂i
q ∂qn q
q ∂qn ∂i
q ∂i qa qn
ηn u0n (qn )
(D.13)
ηa
ηa i+αθ
ηn u0n (qn )
l
u
Since with ηn ≥ η̃, ηn i+1 ≥ 1 for all i ∈ [i (k), i (k)], we have ηa αθu0 (qa ) ≤ 1 for all
i ∈ [il (k), iu (k)]. This proves
Finally,

∂s
∂i

∂h
∂i

a

> 0.

> 0 holds, since from (16) and (D.13) we have:

 00

∂(1 − s)
u (q) u00n (qn )(1 − h) ∂q
u00n (qn )q ∂h
= (1 − s) 0n
−
+
(1
−
s)
< 0.
∂i
un (q)
u0n (qn )
∂i
u0n (qn ) ∂i
|
{z
}
=0
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(D.14)

D.4

Proof of Proposition 2

Since v d = 1 − (1 − 2α)h, for the non-binding participation constraint regime (that is, if
i < il (k)), we have
∂v d
∂h
= −(1 − 2αl )
< 0.
∂i
∂i
For the binding participation constraint regime, we have:
∂v d
∂α
∂h
= 2h
− (1 − 2α)
∂i
∂i
∂i

1
2ch
0
ηn qun (qn ) − ( − α)(1 − h)(1 − qa ,qn )θŜa (qa ) .
=
2
ηn u0n (qn )θŜa (qa )
Define Φ(α) ≡ ηn qu0n (qn ) − ( 12 − α)(1 − h)(1 − qa ,qn )θŜa (qa ) as a function of α, where, given
α, (i, qn , qa ) solves (DDn ), (DDa ), and (FE) (at equality). For the time being, suppose α
can take any value between 0 and 1.25 Clearly, for all α ≥ 12 , Φ(α) > 0. Now as α → 0, we
have qa → 0, h → 0, and by (D.12):



ηn (i + 1)
ηn (i + 1)
0
lim (1−qa ,qn )θŜa (qa ) = lim
1−
θŜa (qa ) +
θ(ua (qa ) − c)q = ∞.
α→0
α→0
ηa (i + αθ)
ηa (i + αθ)
We thus have lim Φ(α) = −∞. By continuity, Φ(α) = 0 must have at least one root in the
α→0
˜ the smallest and largest roots in this interval,
interval of α ∈ (0, 21 ). Denote by α̃ and α̃
d
˜
respectively. Then Φ(α) ≤ 0 and ∂v
∂i ≤ 0 for all α ≤ α̃ and Φ(α) ≥ 0 for all α ≥ α̃.
Considering both participation regimes, we can summarize the following cases;
1. If αu ≤ α̃, then

∂v d
∂i

≤ 0 holds for all i ∈ [0, iu (k)].

d

l
u
2. If αu > α̃, then ∂v
∂i is generally non-monotonic. There exists a unique ĩ ∈ [i (k), i (k)]
d
such that ∂v
∂i ≤ 0 holds for all i ∈ [0, ĩ].
Since v d is monotonically decreasing in i in the non-binding participation constraint
regime, but non-monotonic in the binding participation regime, if αl ≥ α̃, we have
ĩ = il (k). If αl < α̃, ĩ is the opportunity cost that generates α = α̃. Thus, in this
case, ĩ > il (k).
Finally, since ∂Φ(α)
∂θ < 0 and since given i and k (qn , qa , α) is not affected by θ, it is

easily verified that

D.5

∂˜
i
∂θ

> 0..

Proof of Lemma 4

The model presented in Section 5 is a special case (with µ = 1) of the model in Appendix
C, and Lemma 4 is essentially a corollary of Lemma C.2. The proof below refers to the
25

From the proof of Lemma 1, α ∈ [0, 1] requires that k < Ŝn (qn∗ ).
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02
notation and definitions from Appendix C, in particular, i01
f from (C.15), īb from (C.17),
12
13
1
2
īb from (C.21), īb from (C.24), and Ω and Ω are defined immediately after (C.8).
h
h
First, let ihf = max{i01
f , 0}. From (C.16) it is clear that if < 0 if kf > k̂f and if ≥ 0 if
kf ≤ k̂f . For all if ≥ ihf , from Lemma C.2 ((see (C.35))) we have îb = ī02
b is a constant.
02
Further, since kb ≤ k̂b , we have īb ≥ 0.
13
Now suppose if < ihf (only relevant if kf < k̂f ). If αu = 0, then îb = max{ī12
b , īb , 0} =

max{ī12
b , 0}, where

∂¯
i12
b
∂if

> 0 (from (C.23)). Thus, there exists a unique ilf < ihf such

l
l
that ī12
b ≤ 0 and thus îb = 0 if if ≤ if . If kf ≤ kb , if ≥ 0 holds since when if = 0,
l
Ω1 (0) = Sn (qn∗ ) − kf ≥ Ω2 (0, 0) = Sn (qn∗ ) − kb and thus ī12
b ≤ 0. If kf > kb , then if = 0.

However, if αu > 0, from (C.26) it follows that ī13
b > 0 for all if ≥ 0 as long as kb <
13
12
u
∗
h
α θSa (qa ). Thus, for all if < if , îb = max{īb , īb , 0} ≥ ī13
b > 0. Finally, lim kb →0 îb = ∞
αu >0

is directly given by (C.13).

D.6

Proof of Proposition 4

From Lemma 4, we have

∂ˆ
ib
∂if

≥ 0 and

∂ˆ
ib
∂kb

< 0. Thus given kf and if , a sufficiently high kf

leads to îb < ib and eliminates cryptocurrency demand (see also Corollary C.1).

D.7

Proof of Lemma 5

When kb < kbl , all N-types participate on the cryptocurrency exchange so that n =
∂qab
∂kb

1−σ
σ .

∂α
b)
Thus, ∂k
= 0 and
= 0. It follows that ∂W(k
= −(1 − σ). The overall welfare is the
∂kb
b
∗1
l
highest if kb = 0 and W = W(0) = W(kb ) + (1 − σ)kbl . The expression of W ∗1 further
follows by recognizing that Γn (kbl ) = 0.

D.8

Proof of Lemma 6

When kb ∈ [kbl , kbu ], in equilibrium N-types are indifferent between participating and not
participating in the cryptocurrency market and Γn (kb ) = 0. The participation constraint
of an individual N-type is given by (see also (25)):

kb =


b
b


αθSa (qa ) + Sn (qn ),

if Sn (q f,0 ) < kf

αθSa (qab ),


αθS (q b ) + S (q b ) − (S (q f,0 ) − k ),
a a
n n
n
f
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if Sn (q f,0 ) ≥ kf , q f > 0 .
if Sn (q

f,0

f

) ≥ kf , q = 0

(D.15)

Total differentiating (DDca ) and (D.15) with respect to kb (note:
b
∂qn
∂kb

∂q f,0
∂kb

= 0,

∂kf
∂kb

= 0,

= 0), we have
∂α
1
=
∂kb
θŜa (qab )


qab 1
c
∂qab
1
1− 0 b
=
∂kb
ua (qa )
θŜa (qab ) α ηa

(D.16)
(D.17)

Thus, given ib , both α and qab are increasing in kb .
With Γn (kb ) = 0, we have W ∗2 = W 0 + maxkb {Γa (kb ) − E(kb )}. By Assumption 4:
Γa (kb ) − E(kb ) =

σnαqab





ua (qab )
(1 − θ)
−c −e ,
qab

where n, α, and qab all depend on kb and ib . Since
unique q̃ab such that

ua (qab )
qab

(D.18)

is decreasing in qab , there exists a

ua (q̃ab )
e
+ c.
=
1−θ
q̃ab

(D.19)

For Γa (kb ) − E(kb ) ≥ 0 to hold, we must have qab ≤ q̃ab . Denote
i∗1
b

l



≡αθ


u0a (q̃ab )
−1 .
c

(D.20)

u
b
b
l
Clearly, if ib < i∗1
b , qa > q̃a and Γa (kb ) − E(kb ) < 0 hold for all kb ∈ [kb , kb ]. In this case,
welfare is maximized if kb∗2 > kbu , and the corresponding welfare maximum is W ∗2 = 0.
b
Now consider ib ≥ i∗1
b . Since given ib , qa is increasing in kb , there exists a unique
l
b
b
u
l
k̃b ∈ [kb , kb ] such that
 qa ≤ q̃a and Γa (kb ) − E(kb ) ≥ 0 for all kb ∈ [kb , k̃b ]. (Note that

k̃b = kbu if ib ≥ αu θ

u0a (q˜ab )
c

− 1 . ) Further, by (D.18), (D.16), and (D.17), we have

∂ (Γa (kb ) − E(kb ))
σnqab
=
∂kb
θŜa (qab )









 1
ua (qab )
α
c
0
b

×
 (1 − θ) q b − e (1 + α0 n ) + (1 − θ)(ua (qa ) − c) − e ηa 1 − u0 (q b )  .
a
a a
| {z }
|
{z
}
<0

>0

(D.21)


Since lim u n = 0 and lim u n(1 +
kb →kb

kb →kb

α
α0 n )

lim u

kb →kb



< 0, it is easily verified that

∂ (Γa (kb ) − E(kb ))
<0
∂kb
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∗2
l
∗2
l
∗2
so kb∗2 6= kbu . Thus, if ib ≥ i∗1
b , either kb = kb or kb ∈ (kb , k̃b ) (interior). Further, for kb
∗2
0
b
to be interior, (D.21) must be zero at kb , which requires that (1 − θ)(ua (qa ) − c) − e > 0,
or equivalently, qab < q̃˜ab , where
e
u0a (q̃˜ab ) =
+ c.
(D.23)
1−θ
˜
˜
Clearly, q̃˜ab < q̃ab . Let k̃b be implicitly defined by qab (k̃b ) = q̃˜ab . It is easy to verify that
˜
˜
k̃b < k̃b . Therefore, kb∗2 ∈ [kbl , k̃b ).
∗2
l
Let i∗2
b denote the maximum ib for which kb = kb . We then have:

i∗2
b

l



≥αθ

u0a (q̃˜ab )
−1
c


=

αl θ e
> i∗1
b .
1−θc

(D.24)

The equality sign (in the middle) follows from D.23, and the last inequality from q̃˜ab < q̃ab .
˜
∗2 ∈ [k l , k̃
l
l
For the first inequality,
notethat for all ib ≥ i∗1
b b ). But
b , Γa (kb ) − E(kb ) ≥ 0and kb 


˜ab )
˜ab )
u0a (q˜
u0a (q˜
˜
l
l
∗1
l
for all ib ≤ α θ
− 1 we have k̃b ≤ kb . Thus, for all ib ∈ ib , α θ
−1 ,
c
c


˜ab )
u0a (q˜
l
kb∗2 = kbl . Consequently, i∗2
− 1 must hold.
b ≥αθ
c
l ˜
∗2
∗1 ∗2
l
∗2
To summarize, kb∗2 > kbu if ib < i∗1
b , kb = kb if ib ∈ [ib , ib ], and kb ∈ (kb , k̃b ) (interior)
∂(Γa (kb )−E(kb ))
∗2
if ib > i∗2
= 0 so that the following holds:
b . When kb is interior,
∂kb

!


 1 
Ŝa (qab )
α
c
0
b
(1 − θ)
− e (1 + 0 ) + (1 − θ)(ua (qa ) − c) − e
= 0. (D.25)
1− 0 b
αn
ηa
qab
ua (qa )

D.9

Proof of Proposition 5

(25) and (D.15) show that there are generally three cases to consider for the net benefit of
cryptocurrency to the N-types. The proof below demonstrates the case Sn (q f,0 ) < kf . It
is straightforward to adapt the proof for the other two cases, by modifying (D.27), (D.28),
(D.29), and (D.30).
∗2
The interval ib ∈ [i∗1
b , ib ]
∗2
∗2
l
l
∗
∗1
For ib ∈ [i∗1
b , ib ], since kb = kb it is clear that ∆ = −(1 − σ)kb ≤ 0 and kb = kb = 0.

The interval ib > i∗2
b
∗2
When ib > i∗2
b , kb is interior and thus (D.25) holds. We thus have

 



 1
∂ Γa (kb∗2 ) − E(kb∗2 )
c
1 ∂α
1 ∂qab
b
0
b
= −σnαqa (1 − θ)(ua (qa ) − c) − e
1− 0 b
− b
∂ib
ηa
ua (qa ) α ∂ib
qa ∂ib
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Total differentiating ib = αθ
1
ηa




1−

u0a (qab )
c


− 1 with respect to ib gives us:

c
u0a (qab )



1 ∂α
c
1 ∂q b
1
− b a =
.
α ∂ib qa ∂ib
ηa αθu0a (qab )

Combining the two equations above, we have:



∂ Γa (kb∗2 ) − E(kb∗2 )
c
= −σnαqab (1 − θ)(u0a (qab ) − c) − e
.
∂ib
ηa αθu0a (qab )

(D.26)

Using (D.26), (D.15), and the fact that α = αl when kbl , we have




∂∆
1
= − σnαqab (1 − θ)(u0a (qab ) − c) − e
∂ib
ηa (ib + αθ) k∗2
b




1
l b
0
b
+ (1 − σ)α qa (1 − θ)(ua (qa ) − c) − e
ηa (ib + αl θ) kl
b
h
i
b
b
+ (1 − σ)c qn + qa l .

(D.27)

kb

l

i∗1
i∗1
ηa
b (1 − θ)(u0 (q b ) − c) −
b +α θ
b +1
and
≥
imply
η
≥
1,
it
follows
that
q
a
∗1
∗1
l
a
a a
η
ib +1
ib +α θ
n
b
l
decreasing in qa . This together with σnα ≤ (1 − σ)α and ib + αθ ≥ ib + αl θ give us

Since ηn ≥
is

e



h
i
∂∆
≥ (1 − σ)c qnb + qab l > 0.
∂ib
kb
From lim ∆ < 0 and
ib →i∗2
b

lim ∆ = 0, it follows that ∆ ≤ 0 and consequently kb∗ = kb∗1 = 0

ib →+∞

for all ib > i∗2
b .
The interval ib ∈ [0, i∗1
b )

∗1
For ib ∈ [0, ib ), ∆ = − Γa (kbl ) − E(kbl ) + (1 − σ)kbl . Using (D.15) and (D.18) we have:
h
i
∆ = −(1 − σ) αl (1 − θ)Ŝa (qab ) + αl θSa (qab ) + Sn (qnb ) − eαl qab ,
from which we have

∂∆
∂ib

b

a
= −(1 − σ) ∂q
∂ib G(ib ), where

qb
G(ib ) ≡ αl (1 − θ)(u0a (qab ) − c) + αl θηa u0a (qab ) + nb αl θηa u0a (qab ) − αl e
qa


b
l
0
qn
∂G(ib )
1−θ
ηa α θua (qab )
=
c + ηa c + b c 1 + ηa −
.
∂ib
θ
qa
ηn u0n (qnb )

(D.29)
(D.30)

l
lθ
i∗1
ηa αl θu0a (qab )
ηa αl θu0a (qab )
b +α θ
= ηηna ibi+α
is
increasing
in
i
,
with
η
≥
≤ ηa
n
b
∗1 +1 , we have
b)
b)
+1
ηn u0n (qn
ηn u0n (qn
i
b
b
∂G(ib )
∗1
all ib ∈ [0, i∗1
b ). It follows that ∂ib > 0 for all ib ∈ [0, ib ). Thus, ∆ is either increasing
∗2
all ib ∈ [0, i∗1
b ), or falls first before rising in this interval. Further, since ∆(ib ) < 0,

Since
for
for

(D.28)
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either ∆ ≤ 0 holds for all ib ∈ [0, i∗1
b ), or ∆(ib ) cross the zero line once from above and
then stay below the zero line.
Let ẽ be the externality coefficient for which ∆(0) = 0 holds. If e > ẽ, then ∆(0) > 0
and there exists a unique i∗b such that ∆(ib ) > 0 and kb∗ > kbu if ib ∈ [0, i∗b ), and ∆(ib ) ≤ 0
∗
l
∗1
and kb∗ = kbl if ib ∈ [i∗b , i∗1
b ). If e ≤ ẽ, ∆(ib ) ≤ 0 and kb = kb for all ib ∈ [0, ib ).
Summarizing the results of all three intervals, kb∗ = 0 unless e > ẽ and ib < i∗b , where
∂i∗b
i∗b ∈ (0, i∗1
).
(28)
follows
from
(D.28)
and
(D.15),
ẽ.
Further,
from
(D.28)
we
have
b
∂e > 0,
and further

∂i∗b
∂if

≤ 0 and

∂i∗b
∂kf

≤ 0 (strictly < only if Sn (q f,0 ) ≥ kf , q f = 0).
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